


Towards a Unified Soil 

Mechanics Theory: 

The Use of Effective Stresses in 

Unsaturated Soils 

(Third Edition) 

Authored by 

Eduardo Rojas 
Universidad Autónoma de Querétaro 

México 



 Towards a Unified Soil Mechanics Theory: The Use of Effective 
Stresses in Unsaturated Soils (Third Edition)
Author: Eduardo Rojas

ISBN (Online): 978-981-5050-35-6

ISBN (Paperback): 978-981-5050-37-0 

© 2022, Bentham Books imprint. 

Published by Bentham Science Publishers Pte. Ltd. Singapore. All Rights Reserved. 

ISBN (Print): 978-981-5050-36-3     

First published in 2022

mailto:permission@benthamscience.org


This is an agreement between you and Bentham Science Publishers Ltd. Please read this License Agreement 
carefully before using the ebook/echapter/ejournal (“Work”). Your use of the Work constitutes your 
agreement to the terms and conditions set forth in this License Agreement. If you do not agree to these terms 
and conditions then you should not use the Work. 

Bentham Science Publishers agrees to grant you a non-exclusive, non-transferable limited license to use the 
Work subject to and in accordance with the following terms and conditions. This License Agreement is for 
non-library, personal use only. For a library / institutional / multi user license in respect of the Work, please 
contact: permission@benthamscience.net. 

Usage Rules: 

1. All rights reserved: The Work is the subject of copyright and Bentham Science Publishers either owns the
Work (and the copyright in it) or is licensed to distribute the Work. You shall not copy, reproduce, modify,
remove, delete, augment, add to, publish, transmit, sell, resell, create derivative works from, or in any way
exploit the Work or make the Work available for others to do any of the same, in any form or by any
means, in whole or in part, in each case without the prior written permission of Bentham Science
Publishers, unless stated otherwise in this License Agreement.

2. You may download a copy of the Work on one occasion to one personal computer (including tablet,
laptop, desktop, or other such devices). You may make one back-up copy of the Work to avoid losing it.

3. The unauthorised use or distribution of copyrighted or other proprietary content is illegal and could subject
you to liability for substantial money damages. You will be liable for any damage resulting from your
misuse of the Work or any violation of this License Agreement, including any infringement by you of
copyrights or proprietary rights.

Disclaimer: 

Bentham Science Publishers does not guarantee that the information in the Work is error-free, or warrant that 
it will meet your requirements or that access to the Work will be uninterrupted or error-free. The Work is 
provided "as is" without warranty of any kind, either express or implied or statutory, including, without 
limitation, implied warranties of merchantability and fitness for a particular purpose. The entire risk as to the 
results and performance of the Work is assumed by you. No responsibility is assumed by Bentham Science 
Publishers, its staff, editors and/or authors for any injury and/or damage to persons or property as a matter of 
products liability, negligence or otherwise, or from any use or operation of any methods, products instruction, 
advertisements or ideas contained in the Work. 

Limitation of Liability: 

In no event will Bentham Science Publishers, its staff, editors and/or authors, be liable for any damages, 
including, without limitation, special, incidental and/or consequential damages and/or damages for lost data 
and/or profits arising out of (whether directly or indirectly) the use or inability to use the Work. The entire 
liability of Bentham Science Publishers shall be limited to the amount actually paid by you for the Work. 

General: 

1. Any dispute or claim arising out of or in connection with this License Agreement or the Work (including
non-contractual disputes or claims) will be governed by and construed in accordance with the laws of
Singapore. Each party agrees that the courts of the state of Singapore shall have exclusive jurisdiction to
settle any dispute or claim arising out of or in connection with this License Agreement or the Work
(including non-contractual disputes or claims).

2. Your rights under this License Agreement will automatically terminate without notice and without the

End User License Agreement (for non-institutional, personal use) 

BENTHAM SCIENCE PUBLISHERS LTD. 

mailto:permission@benthamscience.net


 

 

 

need for a court order if at any point you breach any terms of this License Agreement. In no event will any 
delay or failure by Bentham Science Publishers in enforcing your compliance with this License Agreement 
constitute a waiver of any of its rights. 

3. You acknowledge that you have read this License Agreement, and agree to be bound by its terms and 
conditions. To the extent that any other terms and conditions presented on any website of Bentham Science 
Publishers conflict with, or are inconsistent with, the terms and conditions set out in this License 
Agreement, you acknowledge that the terms and conditions set out in this License Agreement shall prevail. 

 

Bentham Science Publishers Pte. Ltd. 

80 Robinson Road #02-00 

Singapore 068898 

Singapore 

Email: subscriptions@benthamscience.net 

mailto:subscriptions@benthamscience.net


CONTENTS 

DEDICATION  ............................................................................................................................................  vi 

CHAPTER 1 INTRODUCTION ...............................................................................................................  1 

1.1. DIFFERENT APPROACHES FOR UNSATURATED SOILS ..............................................  1 
1.2. EFFECTIVE STRESSES ...........................................................................................................  4 

CHAPTER 2 THE EFFECTIVE STRESS EQUATION .........................................................................  10 

2.1. INTRODUCTION ......................................................................................................................  10 
2.2. THE EFFECTIVE STRESS EQUATION ................................................................................  11 

CHAPTER 3 THE POROUS-SOLID MODEL ........................................................................................  22 

3.1. INTRODUCTION ......................................................................................................................  22 
3.2. DIFFERENT POROUS-SOLID MODELS ..............................................................................  23 

3.2.1. Distinct Element Models..................................................................................................  26 
3.2.2. Random Models ...............................................................................................................  30 
3.2.3. Network Models ..............................................................................................................  40 

3.3. THE NETWORK MODEL .......................................................................................................  43 
3.4. MECHANISMS OF WETTING AND DRYING .....................................................................  46 

3.4.1. Main Drying Curve ..........................................................................................................  47 
3.4.2. Main Wetting Curve ........................................................................................................  47 
3.4.3. Secondary and Scanning Curves ......................................................................................  48 

3.5. EFFECTIVE STRESS PARAMETERS ...................................................................................  49 

CHAPTER 4 THE PROBABILISTIC POROUS-SOLID MODEL .......................................................  56 

4.1. INTRODUCTION ......................................................................................................................  56 
 4.2. THE PROBABILISTIC MODEL .............................................................................................  57 
 4.3. MAIN WETTING CURVE .......................................................................................................  59 
 4.4. MAIN DRYING CURVE ..........................................................................................................  63 
 4.5. SATURATED AND DRY VOLUMES .....................................................................................  65 
 4.6. SCANNING CURVES ...............................................................................................................  72 

4.6.1. Drying –Wetting Cycle ....................................................................................................  73 
4.6.2. Wetting-Drying Cycle ......................................................................................................  74 

 4.7. ASSESSMENT OF THE PROBABILISTIC MODEL ...........................................................  77 
 4.8. PARAMETRIC ANALYSIS .....................................................................................................  80 

CHAPTER 5 APPLICATIONS OF THE POROUS-SOLID MODEL ..................................................  83 

5.1. INTRODUCTION ......................................................................................................................  83 
5.2. MERCURY INTRUSION POROSIMETRY TESTS ..............................................................  84 
5.3. SOIL-WATER RETENTION CURVES ..................................................................................  88 
5.4. OBTAINING THE PORE SIZE DISTRIBUTION .................................................................  99 

CHAPTER 6 COMPRESSION STRENGTH OF SOILS…………………………………..………….. 104 

6.1. INTRODUCTION ...................................................................................................................... 104 
 6.2. NUMERICAL AND EXPERIMENTAL COMPARISONS ................................................... 105 

CHAPTER 7 TENSILE STRENGTH ....................................................................................................... 112 

7.1. INTRODUCTION. .....................................................................................................................  112 
 7.2. TENSILE TESTS .......................................................................................................................  113 

CHAPTER 8 VOLUMETRIC BEHAVIOR………………………………………………………………   118 

8.1. INTRODUCTION ......................................................................................................................  118 
 8.2. PROPOSED EQUATION .........................................................................................................  121 
 8.3. ELASTOPLASTIC FRAMEWORK ........................................................................................  125 
 8.4. NUMERICAL AND EXPERIMENTAL COMPARISONS ...................................................  130 

8.4.1. Tests by Fleureau et al. ....................................................................................................  130 
8.4.2. Tests by Futai and Almeida .............................................................................................  134 

FOREWORD  ..............................................................................................................................................  i 

PREFACE  ...................................................................................................................................................  iii 



8.4.3. Tests by Cunningham et al. .............................................................................................  140 
8.4.4. Tests by Thu et al... ..........................................................................................................  144 

CHAPTER 9 COLLAPSE UPON WETTING ......................................................................................... 147 

9.1. INTRODUCTION ......................................................................................................................  147 
9.2. VOLUMETRIC ELASTOPLASTIC FRAMEWORK ............................................................  151 
9.3. COMPACTED SOILS ...............................................................................................................  156 
9.4. NUMERICAL AND EXPERIMENTAL COMPARISONS ....................................................  160 

CHAPTER 10 EXPANSIVE SOILS .......................................................................................................... 171 

10.1. INTRODUCTION ....................................................................................................................  171 
10.2. BACKGROUND .......................................................................................................................  172 
10.3. EXTENDED ELASTOPLASTIC FRAMEWORK ...............................................................  176 
10.4. EXPERIMENTAL AND NUMERICAL COMPARISONS ..................................................  183 

10.4.1. Tests by Romero et al. ...................................................................................................  183 
10.4.2. Tests by Alonso et al. ....................................................................................................  194 

CHAPTER 11 HYDRO-MECHANICAL COUPLING ........................................................................... 203 

11.1. INTRODUCTION ....................................................................................................................  203 
11.2. PROCEDURE ...........................................................................................................................  208 
11.3. NUMERICAL AND EXPERIMENTAL COMPARISONS ..................................................  210 

11.3.1. Tests by Chiu and Ng .....................................................................................................  210 
11.3.2. Tests by Ng and Pang ....................................................................................................  214 
11.3.3. Tests by Sun et al. ..........................................................................................................  217 

CHAPTER 12 A FULLY COUPLED CRITICAL STATE MODEL ..................................................... 222 

12.1. BACKGROUND .......................................................................................................................  222 
12.2. CRITICAL STATE ..................................................................................................................  224 
12.3. GENERAL ELASTOPLASTIC FRAMEWORK ..................................................................  226 
12.4. MECHANICAL MODEL ........................................................................................................  230 
12.5. NUMERICAL AND EXPERIMENTAL COMPARISONS ..................................................  237 

12.5.1. Tests by Futai and Almeida ...........................................................................................  238 
12.5.2. Tests by Cui and Delage ................................................................................................  241 
12.5.3. Tests by Garakani et al... ...............................................................................................  247 

CHAPTER 13 RETENTION CURVES IN DEFORMING SOILS ........................................................ 254 

13.1. INTRODUCTION ....................................................................................................................  254 
13.2. PROCEDURE ...........................................................................................................................  256 
13.3. MODELING THE SWRC .......................................................................................................  257 

13.3.1. Tests by Gao et al. .........................................................................................................  258 
13.3.2. Tests by Salager et al. ....................................................................................................  264 

CHAPTER 14 UNDRAINED TESTS ........................................................................................................ 270 

14.1. INTRODUCTION ....................................................................................................................  270 
14.2. NUMERICAL AND EXPERIMENTAL COMPARISONS ..................................................  272 

14.2.1. Tests by Jotisankasa et al. ..............................................................................................  272 
14.2.2. Tests by Sun et al. ..........................................................................................................  275 

CHAPTER 15 COMPACTED SOILS ....................................................................................................... 284 

15.1. INTRODUCTION ....................................................................................................................  284 
15.2. ELASTOPLASTIC FRAMEWORK ......................................................................................  288 
15.3 NUMERICAL AND EXPERIMENTAL COMPARISONS ...................................................  296 

15.3.1. Tests by Sun et al. ..........................................................................................................  296 
15.3.2. Tests by Jotisankasa et al. ..............................................................................................  300 
15.3.3. Tests by Tarantino and De Col ......................................................................................  302 

CHAPTER 16 HYDRAULIC CONDUCTIVITY .................................................................................... 312 

16.1. INTRODUCTION ....................................................................................................................  312 
16.2. CAPILLARY FLOW ...............................................................................................................  316 
16.3. NUMERICAL AND EXPERIMENTAL COMPARISONS ..................................................  319 

REFERENCES ............................................................................................................................................ 329 

 SUBJECT INDEX    ....................................................................................................................................   350



  i 

FOREWORD 

As rightly suggested by Prof. Serge Leroueil in the preface to a previous edition of 

the present version of Prof. Eduardo Rojas’ book, a thorough elucidation of the 
essential features of the hydro-mechanical behavior of unsaturated soils, still a 

rather elusive endeavor, has been closely linked with efforts to isolate the relevant, 

effective stress fields governing their mechanical response. This book is a 

commendable attempt at demonstrating the suitability of the effective stress 

principle in defining a unified theoretical framework within which the most 

essential features of unsaturated soil behavior can be explained, and thus 

experimentally demonstrated, when the key constitutive relationships are presented 

as an extension of classical saturated soil mechanics, particularly in its three 

traditional categories: permeability and seepage, shear strength, and volume 

change. 

In the present edition of the book, further elaboration on some of the contents of the 

original 12 chapters of the book is presented, including additional experimental 

evidence substantiating the appropriateness of a network porous-solid model 

postulated by Prof. Rojas that considers both micropores and macropores, and their 

inherent interconnections, for either dry, partially saturated, or saturated soils. The 

network model presents several outstanding features, including its apparent ability 

to reasonably reproduce the structure of the test soil based on grain and pore-size 

distributions, simulate soil-water retention curves and assess Bishop’s effective 
stress parameter. Furthermore, a probabilistic solid-porous model is introduced to 

considerably reduce the memory storage requirements during the explicit 

integration of all constitutive equations via computational drivers. Finally, a unified 

elastoplastic framework for expansive, collapsible, and compacted soil materials is 

introduced. 

Four additional chapters have been added to the present edition of the book, 

including a simulation of soil-water retention curves via the porous-solid model as 

the test soil deforms (Chapter 13); simulation of undrained triaxial testing on 

unsaturated soils via a fully coupled hydromechanical constitutive model (Chapter 

14); simulation of volumetric behavior of compacted soils under different stress 

paths via a coupled model (Chapter 15); and, finally, application of the probabilistic 

porous network model to establish an analytical equation for the relative hydraulic 

conductivity (Chapter 16). Results from well-thought-out experimental efforts 

reported by fellow scholars in the literature have demonstrated the potential of these 

frameworks in capturing, to a very promising extent, the hydromechanical response 

of unsaturated soils. 
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In his preface to the previous edition, Prof. Leroueil asked himself whether it was 

necessary to put all this information together into one single eBook, and his answer 

was a grammatically resounding “yes,” highlighting the subtle continuity and 
congruence of topics in one single document, from schematically thorough physical 

models to the equivalent effective stress equation and its practical applications. I 

could not agree more, and hence would like to emphasize another critical dimension 

to Prof. Eduardo Rojas’ scholarly work: its manifest potential as invaluable 
reference material in our quest to overcome the persistent challenge to change in 

the advancement of unsaturated soil mechanics in undergraduate education and 

civil engineering practice. 

Laureano R. Hoyos 

University of Texas at Arlington, 

Arlington, Texas, U.S.A. 
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PREFACE 

With the introduction of the effective stress concept, the behavior of saturated soils 

could be clearly understood, and the basic principles of saturated soil mechanics 

could be established. The effective stress principle states that the strength and 

volumetric behavior of saturated materials are exclusively controlled by effective 

stresses. Constitutive models for saturated materials of different types are all based 

on the effective stress principle. Later, based on the principles of thermomechanics, 

the Critical State theory combined the strength and volumetric behavior of saturated 

soils in a simple and powerful constitutive model. A great number of models for 

saturated soils are based on the Critical State theory.  

Things did not go so smoothly for unsaturated materials. More than fifty years ago, 

Alan W. Bishop proposed an equation for the effective stresses of unsaturated soils. 

However, this equation was widely criticized because it could not explain by itself 

the phenomenon of collapse upon wetting of soils. In addition, Bishop’s effective 
stress parameter  showed to be extremely elusive and difficult to determine 

experimentally. Given these difficulties, the use of the so-called independent stress 

variables (mainly net stress and suction) became common in unsaturated soil 

mechanics. Different equations for the strength and volumetric behavior of soils 

were proposed based on these variables. Then, the theory for unsaturated soils 

became distant from that of saturated materials. The Barcelona Basic Model 

represents one of the simplest and most accomplished models within this trend. The 

Barcelona Basic Model enhanced the Critical State theory to include unsaturated 

materials and give a plausible explanation to the phenomenon of collapse upon 

wetting. This model proved that this phenomenon could only be modeled if, in 

addition to a volumetric equation, a proper elastoplastic framework was included. 

However, the simulation of some particular phenomena related to the strength and 

volumetric behavior of unsaturated soils, appeals for the inclusion of the hysteresis 

of the soil-water retention curve and the hydro-mechanical coupling observed in 

unsaturated materials. The difficulties met in introducing these aspects into the 

independent stress variables models made it clear that a different approach should 

be considered. Then, gradually elastoplastic models based on Bishop’s effective 
stress equation started to appear, showing their superiority by including the 

hysteresis of the soil-water retention curve and the hydromechanical coupling of 

unsaturated soils. And finally, the debate about the appropriateness of Bishop’s 
equation to represent the effective stresses for unsaturated soils is slowly coming to 

an end. This transformation in the construction of constitutive models for 

unsaturated soils is also leading towards a unified soil mechanics theory. 



iv  

This book shows how the effective stress principle can be applied to simulate the 

strength and volumetric behavior of unsaturated soils employing the same equations 

commonly used for saturated materials. The book initiates with an analysis of the 

stresses transmitted to the different phases of an unsaturated soil when it is loaded. 

Contrary to other analyses, and based on the simulation of wetting-drying processes 

in porous media, it is considered here that unsaturated soils may exhibit three 

different fractions: an unsaturated fraction represented by medium size pores, a 

saturated fraction represented by micropores, and eventually, a dry fraction 

represented by very large pores. Each one of these fractions is linked to a different 

effective stress equation. The analysis results in an expression for the stresses 

carried by the solid skeleton of the material. This expression can be written in the 

same terms as Bishop´s effective stress equation and leads to an analytical 

expression for Bishop’s effective stress parameter . However, the variables 

required to obtain this parameter  cannot be experimentally determined. For that 

purpose, a network solid-porous model is developed. This network model can 

approximately reproduce the structure of soils based on the grain and pore size 

distributions of the material and is capable of determining the allocation of water 

into the pores of the soil and thus simulating the soil-water retention curves of the 

material, including the scanning curves. It is also possible to obtain the required 

parameters to determine the value of Bishop’s parameter  and therefore compute 

the current effective stress. Nevertheless, the use of a network solid-porous model 

requires a large memory storage capacity that cannot be presently found in common 

computers. Furthermore, the time required to run a network model with only one 

million elements becomes excessive and is not a practical option. For that reason, 

a probabilistic solid-porous model that reduces the storage requirements and speeds 

of the simulations has been developed. Additionally, a unified elastoplastic 

framework to account for the volumetric behavior of unsaturated soils, including 

expansive, collapsible and compacted materials, has been developed. This 

framework explains some phenomena that could not be explained using the 

independent stress variables approach. All these developments lead to a general 

framework for the strength and volumetric behavior of soils based on the Critical 

State theory and the bounding surface concept resulting in a simple, fully coupled 

model that accounts for the behavior of both saturated and unsaturated materials, 

including compacted and expansive soils. Each one of these developments has been 

confronted with experimental results showing the appropriateness of this approach. 

In that sense, a unified soil mechanics theory is presently on its way. 
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CHAPTER 1 

Introduction 

Abstract: The use of the effective stress principle led to a general theory for the 

strength and volumetric behavior of saturated soils. Presently, all constitutive models 

for saturated soils are based on this principle. In 1959, Bishop proposed an equation 

for the effective stress of unsaturated soils. However, it was severely criticized 

because it could not explain by itself the phenomenon of collapse upon wetting. 

Moreover, an analytical expression for the determination of its main parameter  was 

not provided, and in addition, its value could not be easily determined in the 

laboratory. Since then, several equations to determine the value of parameter  have 

been proposed. Sixty years later, it is acknowledged that Bishop’s effective stress 
equation can be employed to simulate the behavior of unsaturated soils when it is 

complemented with a proper elastoplastic framework. 

Keywords: Air pressure, Collapse, Constitutive model, Effective stress parameter, 

Effective stress, Elastoplastic framework, Independent stress variables, Pore water 

pressure, Saturated soil, Shear strength, State surface, Suction, Total stress, 

Unsaturated soil, Volumetric behavior. 

 
1.1. DIFFERENT APPROACHES FOR UNSATURATED SOILS 

 

Even though the idea of using effective stresses in the study of unsaturated materials 

is old, the incapacity of providing an explanation to the phenomenon of collapse 

upon wetting (among other reasons) made this approach to be abandoned for about 

forty years. During that time, some other approaches to study the behavior of 

unsaturated soils were used. The state or constitutive surfaces [1], as the one 

represented in Fig. (1), were used for some time. In these plots, the behavior of a 

certain state variable, such as the void ratio, is plotted as a function of two 

independent stress variables, mainly the mean net stress (𝑝

̅

= 𝑝 − 𝑢𝑎) and suction 
(𝑠 = 𝑢𝑎 − 𝑢𝑤), where p represents the total mean stress and 𝑢𝑎 and 𝑢𝑤 are the air 

and water pressures, respectively. This procedure aimed to establish mathematical 

relationships between the void ratio or the degree of saturation with the independent 

stress variables, as Hung, Fredlund and Pereira [2] have done. This method 

represented to some researchers the acceptance of the inexistence of an effective 

stress equation for unsaturated materials (see, for example, [3]). However, state 

surfaces soon showed their limitations. For example, unicity could only be ensured 

under certain conditions, especially because of the hysteresis of the soil-water 

retention curve (SWRC), the hydro-mechanical coupling, and the dependency of 
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soil behavior on the stress path. In any case, this task would have been formidable 

and complex because the behavior of unsaturated materials depends not only on the 

mean net stress and suction but also on the degree of saturation and the structure of 

soils. Recently, Zhang and Lytton [4] proposed a modified state-surface approach 

under isotropic stress conditions that can be applied to the study of the volumetric 

behavior of unsaturated soils, including collapsing and expansive soils.  

 

Sometime later, the independent stress variables approach was employed to study 

the behavior of unsaturated soils. The independent stress state variables were 

defined as those stresses controlling the strength and volumetric behavior of soils. 

By performing the analysis of the equilibrium of an elemental volume of 

unsaturated soil, Fredlund and Morgenstern [5] proved that the use of two out of 

three possible combinations of the stress variables represented by the total stress 
(𝜎), the air pressure, and the water pressure, were sufficient to completely define 

the state of stresses of an unsaturated sample. The three possible combinations are: 

(𝜎 − 𝑢𝑤) with (𝑢𝑎 − 𝑢𝑤); (𝜎 − 𝑢𝑎) with (𝜎 − 𝑢𝑤); and (𝜎 − 𝑢𝑎) with (𝑢𝑎 − 𝑢𝑤). 

Being this last combination, net stress (�̅� = 𝜎 − 𝑢𝑎) and suction, the most 

employed to study the behavior of unsaturated soils.  

 

This theoretical analysis co-validated the experimental observations made by 

Bishop and Donald [6] in 1961. These researchers performed a series of triaxial 

tests where the confining stress (𝜎3), the air, and the water pressures were all 

independently controlled during the loading of the sample. In this way, the values 

of the net confining stress (𝜎3 − 𝑢𝑎) and suction could be maintained constant 

throughout the test while the independent pressures could change. These results 

showed that the independent variations of  𝜎3, 𝑢𝑎 and 𝑢𝑤 had no effect on the stress-

strain curve whenever the confining net stress and suction remained constant. 

However, a variation in these values resulted in marked changes in the stress-strain 

curve of the sample.  

 

With the use of the independent stress variables, the representation of the failure 

surface for unsaturated soils is required, in addition to the normal net stress 
(𝜎𝑛 − 𝑢𝑎) and the shear stress (𝜏) axes, the inclusion of the suction axis as indicated 

in Fig. (2). This figure shows the failure lines for a saturated material (indicated by 

the friction angle ) and for an unsaturated one (indicated by the friction angle 𝜑𝑠) 
where for the last, the cohesion (𝑐) appears as a strength parameter. 
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Fig. (1). State surface for the void ratio (adapted from [1]). 

Following this tendency, Alonso, Gens and Josa [7] developed a constitutive model 

for unsaturated soils based on the modified Cam-Clay model (MCCM) developed 

by Roscoe and Burland [8]. Known as the Barcelona Basic Model (BBM), it is the 

simplest model to simulate the behavior of unsaturated soils, including collapsing 

materials. It has also been extended for the case of expansive soils. One of the main 

contributions attributed to the BBM is that it clearly explains the phenomenon of 

collapse upon wetting by introducing the loading collapse yield surface (LCYS) as 

illustrated in Fig. (3). This phenomenon occurs when a saturated sample is dried 

(path AB in Fig. (3)), then loaded by increasing the net stress (path BC), and finally 

wetted up to saturation (path CD).  
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CHAPTER 2 

The Effective Stress Equation 

Abstract: Based on the analysis of the equilibrium of solid particles of an unsaturated 

sample subject to a certain suction, it is possible to establish an analytical expression 

for Bishop´s parameter 𝜒. With this parameter, the effective stress can be evaluated 

and used to predict the shear strength and volumetric behavior of unsaturated soils. 

For the determination of parameter 𝜒, three elements are required: the saturated 

fraction, the unsaturated fraction, and the degree of saturation of the unsaturated 

fraction of the sample. The equation established for parameter 𝜒 clarifies some 

features of the strength of unsaturated soils that, up to now, had no apparent 

explanation. A drawback to this expression is that the three required parameters for 

the determination of 𝜒 cannot be obtained from current experimental procedures. 

Keywords: Equilibrium, Total stress, Effective stress, Suction, Volumetric 

behavior, Shear strength, Effective stress parameter, Saturated fraction, 

Unsaturated fraction, Dry fraction, Degree of saturation of the unsaturated fraction, 

Microstructure, Macrostructure, Water menisci, Homogeneous material. 

2.1. INTRODUCTION 

Most natural soils show a bimodal structure consisting of a microstructure and a 

macrostructure [32]. On the one hand, the microstructure can be formed by packets 

of fine particles that flocculate and remain attached to each other. These packets or 

aggregates contain the intra-aggregate pores, which are pores of small size. On the 

other hand, the macrostructure is represented by the arrangement of these packets 

of fine particles sometimes mixed with solid grains the size of silt or sand that show 

the inter-aggregate and inter-particle (when solid grains are present) pores which 

are pores of larger size. In such a case, the size of pores usually ranges from 500m 

to 0.01m. The smallest pores are close to the thickness of the adsorbed water layer, 

meaning that these pores never dry. This phenomenon accounts for the difference 

in the consistency of fine and coarse materials when dry. When suction applied to 

the soil is low, a great part of the macrostructure and the totality of the 

microstructure remain saturated. When suction increases, the saturated soil volume 

decreases in such a way that some solids are now completely surrounded by dry 

pores while others are only partially surrounded by saturated pores. Instead, most 

of the microstructure is still saturated. Finally, for very high suction, the saturated 

soil volume tends to disappear while the dry fraction increases. In the case of coarse 

materials, the saturated fraction may completely disappear, while for clayey soils, 
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this never happens because of the existence of intra-aggregated voids filled with 

layers of adsorbed water. Therefore, it can be said that, in general, an unsaturated 

soil consists of a saturated fraction, where soil particles are completely surrounded 

by water, an unsaturated fraction, where solid particles are linked together by water 

menisci and a dry fraction where solids are completely surrounded by air. In some 

cases, the bimodal structure may not appear, for example, in the case of 

homogeneous dense sands.  In that case, the transit from the saturated to the dry 

condition happens very fast, and the saturated fraction completely disappears at 

small values of suction while the dry fraction increases rapidly. This behavior 

reflects the characteristics of the soil-water retention curves (SWRCs) of each 

material, as will be shown later. 

 

If a soil sample is confined in a closed environment at a constant temperature during 

an appropriate period of time to reach equilibrium, then it can be admitted that the 

relative humidity is the same everywhere in the sample, and therefore, the value of 

suction is constant throughout the soil. Thus, air and water pressures in the saturated 

zones are the same as in the unsaturated ones. This implies that all saturated zones 

are surrounded by menisci of water, showing the same radius of curvature as the 

unsaturated zones.  

 

2.2. THE EFFECTIVE STRESS EQUATION 

 

Consider a homogenous and isotropic soil showing a bimodal structure where pores 

are randomly distributed, as shown in Fig. (1). The term homogenous means that a 

representative elementary volume can be used to model the whole material as this 

volume adequately reflects both the microstructure and macrostructure of the 

system. The term isotropic means that the mechanical and geometrical properties 

are the same in all three directions, including the spatial distribution of menisci.  

 

The solid particles constituting both the macro and the microstructure can be 

observed in Fig. (1). Also, the water menisci and gas phases are included. In 

general, it is considered that the solid particles of the microstructure are grouped in 

the form of packets. In this case, the influence of the contractile skin is ignored as 

both Haines [33] and Murray [34] demonstrated that its influence could be 

neglected for practical purposes. Also, the water vapor, adsorbed water, and 

dissolved air are disregarded as Murray [34] has proved that their influence is also 

minimal. Finally, the contact areas between solids will be neglected as implicitly 

considered in Terzaghi’s effective stress equation. Based on a Disturbed State 
Model, Desai and Wang [35] performed an analysis of the effective stress on 

saturated soils, which includes the effect of the variation of the contact area of 
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solids. A similar procedure could be used for unsaturated materials if the contact 

area of solids was not neglected. 

For this analysis, the following notation is used: a superindex indicates the fraction 

being referred to: 𝑠  for the saturated, u for the unsaturated, and d for the dry fraction 

of the soil. A subindex indicates the phase being referred: �̃� for solids, w for water, 

and a for air. A double subindex indicates the influence of one phase to another; for 

example, 𝐴�̃�𝑎 and 𝐴�̃�𝑤  represent the area of solids subjected to air and water

pressure, respectively.  

Considering a unitary thickness of the soil section shown in Fig. (1), it can be 

established that the total area (A) of the cross-section B-B’, results from the addition 
of the saturated (𝐴𝑠), the unsaturated (𝐴𝑢) and the dry fractions (𝐴𝑑) of the sample,

that is to say 𝐴 = 𝐴𝑠 + 𝐴𝑢 + 𝐴𝑑. Also, the total area of the saturated fraction results

from the addition of the area where water directly reacts (𝐴𝑤
𝑠 ) plus that occupied by 

solids (𝐴�̃�
𝑠), in the form 𝐴𝑠 = 𝐴𝑤

𝑠 + 𝐴�̃�
𝑠. Moreover, the solid particles on the

saturated fraction are only in contact with water and other solids. If the contact area 

between solids is neglected, then all the horizontal projection of the area of solids 

of the saturated fraction (aggregates) represented in section B-B’ is subject to the 
water pressure; that is to say 𝐴�̃�

𝑠 = 𝐴�̃�𝑤
𝑠 . Therefore, the total area of the saturated

fraction can be written as the sum of the areas where water directly reacts and the 

horizontal projection of solids pushed by water; that is to say:  

𝐴𝑠 = 𝐴𝑤
𝑠 + 𝐴�̃�𝑤

𝑠 (2.1) 

On the other hand, the total area of the unsaturated fraction results from the sum of 

the areas where the solid (𝐴�̃�
𝑢), liquid (𝐴𝑤

𝑢 ) and gas (𝐴𝑎
𝑢) phases react, that is to say

𝐴𝑢 = 𝐴�̌̃�
𝑢 + 𝐴𝑤

𝑢 + 𝐴𝑎
𝑢. Additionally, the solids also are in contact with the three

phases. If the contact area between solids is ignored, then the horizontal projection 

of the solids of the unsaturated fraction on section B-B’ results from the addition of 
the areas of solids where the pressures of liquid (𝐴�̃�𝑤

𝑢 = (𝐴�̃�𝑤
𝑢 )1 + (𝐴�̃�𝑤

𝑢 )2) and air

(𝐴�̃�𝑎
𝑢𝑖 ) react:

𝐴�̌̃�
𝑢 = 𝐴�̃�𝑤

𝑢 + 𝐴�̌̃�𝑎
𝑢 (2.2) 
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CHAPTER 3 

The Porous-Solid Model 

Abstract: Based on the analysis of the equilibrium of solid particles in a soil sample 

subject to a certain suction, an analytical expression for the value of Bishop´s 

parameter χ was established in the previous chapter. This parameter can be written as 

a function of the saturated fraction, the unsaturated fraction, and the degree of 

saturation of the unsaturated fraction of the soil. However, the determination of these 

three parameters cannot be made from current experimental procedures. Therefore, a 

porous-solid model simulating the structure of soils is proposed herein and used to 

determine these parameters. The data required to build up the porous-solid model are 

the void ratio of the sample and their grain and pore size distributions. 

Keywords: Porous-solid model, Soil structure, Macropores, Micropores, Sites, 

Cavities, Bonds, Connectors, Network porous models, Random models, Distinct 

element method, Pore size distribution, Grain size distribution, Soil-water retention 

curves, Pore shrinkage. 

 
3.1. INTRODUCTION 

 
Only recently it has been acknowledged that Bishop´s effective stress equation 

(𝜎′ = �̅� + 𝜒𝑠) may lead to more realistic and simple constitutive models for 

unsaturated soils (see, for example, [27, 29, 30]). However, the problem of a proper 

determination of parameter χ still subsists, as it has been experimentally recognized 

that the approximation 𝜒 ≈ 𝑆𝑤 is not always satisfactory, especially for soils 

showing bimodal structure.  

 
In the previous chapter, an analysis of stresses in the skeleton of an unsaturated soil 

showing a bimodal structure resulted in an effective stress equation for unsaturated 

materials (Eq. 2.13). Unfortunately, the parameters required for the determination 

of the effective stress f s, f u and 𝑆𝑤
𝑢   cannot be obtained from current laboratory 

procedures.  
 

An alternative method for the determination of these parameters
 
is the use of a 

porous-solid model able to simulate the distribution of water in the pores of soils 

and hence reproduce the soil-water retention curves (SWRCs). 

 

Some simplified porous models have already been developed to study different 

phenomena such as capillary condensation and evaporation [51], and activated 



The Porous-Solid Model Towards a Unified Soil Mechanics Theory    23 

chemical absorption in heterogeneous surfaces [52]. Also, Fredlund and Xing [53] 

proposed an equation that defines the SWRC based on the pore size distribution 

(PSD). More recently, Simms and Yanful [54] proposed a porous network that 

correctly simulates the PSD, the SWRC, the relative hydraulic conductivity, and 

the volume change. However, these latter models do not account for hysteresis.  

 

One way to include hysteresis and observe in detail the influence of water menisci 

on the deformation and volumetric behavior of unsaturated soils is by making use 

of micromechanical models. This type of model is more complex because, besides 

simulating the porous structure, they also simulate the solid skeleton of the material 

and can include the phenomenon of shrinkage of macropores during drying or 

loading. These models require a porous structure formed by pores of different sizes 

placed at random in order to correctly simulate the phenomenon of hysteresis. A 

model with these characteristics can also be used to determine the values of 

parameters f s, f u and 𝑆𝑤
𝑢  required to compute the effective stress for unsaturated 

soils and even include hydro-mechanical coupling in constitutive relationships. 

Three of these models are described below. 

3.2. DIFFERENT POROUS-SOLID MODELS  

  

The accurate description of real porous media, such as soils, is quite a complicated 

task, if only because they include millions or billions of pores per gram with sizes 

ranging from 0.01 to 500 micrometers. Another problem is the phenomenon of 

hysteresis. In 1929, Haines [33] postulated that the main drainage SWRC occurs at 

higher suctions than the main wetting curve because the latter is controlled by the 

largest pores while the former is controlled by the smallest. Additionally, when load 

or suction increases, there is a reduction in the size of pores. The shrinkage of 

macropores with suction has been analyzed by Simms and Yanful [55], measuring 

the PSD change of a glacial till. They observed that the pore volume related to the 

pore size exhibits two crests, as shown in Fig. (1). The first crest is located at a 

diameter of pores of approximately 0.1 m and corresponds to the micropores, i.e., 

those that maintain their size when suction increases. The other crest is located at a 

diameter of pores of approximately 6 m and corresponds to the macropores, which 

shrink with increasing suction. Simms and Yanful [55] observed that for this 

particular soil, practically all macropores experienced a progressive shrinkage as 

suction increased. For suctions of the order of 2.5 MPa, practically all macropores 

had shrunk, and their size diminished by approximately one order of magnitude as 

they reduced their mean size from 6 to 0.6 m. The same type of behavior was 

observed for other soils. Additionally, there is the shrinkage of pores with loading. 

Simms and Yanful [56] performed a series of PSD tests on different soils subject to 
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different confining stresses. These results show a general trend for all cavities to 

reduce their size and displace their peak on the PSD curves to the left-hand side 

with increasing confining stresses, although the reduction in the size of macropores 

is much larger than that of micropores.  

 

Accordingly, a simplified description of soils that captures the phenomena 

described above can be made with four elements: the macrocavities, the 

microcavities, the bonds, and the solids. Cavities (C) contain most of the volume of 

voids. The microcavities are those pores of small size. The macrocavities are the 

largest pores in the soil and differ from the microcavities in that the former shrink 

with increasing suction or load. The bonds or connectors (B) are the elements that 

link together two cavities. These pores are smaller than cavities and are subdivided 

into microbonds and macrobonds. The volume contained by the bonds is negligible 

when compared to that of cavities. Finally, the solids are included in the spaces left 

by the pores and form the skeleton of the material. If an analogy is made between 

the porous structure of soil and a building, then the rooms and corridors of the 

building represent the cavities while the doors and windows represent the bonds. 

Additionally, the solid structure of the building represents the skeleton of the soil.  

 

Each one of these elements possesses its own size distribution however, its spatial 

distribution is strongly correlated given the geometrical restrictions to be fulfilled. 

These interactions with their neighbors allow reproducing, in a simplified manner, 

the structure of soils. Therefore, a solid-porous network built with these elements 

can simulate the most important aspects of the wetting-drying phenomena, such as 

the hydraulic hysteresis of the SWRC and the shrinkage of macropores. For this 

purpose, the model must comply with certain conditions to correctly describe the 

main phenomena of real soils. These conditions are: 

 

a) Heterogeneity of sizes. All elements (macrocavities, microcavities 

macrobonds, microbonds, and solids) show their own size distribution.  

b) Compressibility of the network. This can be accomplished by allowing the 

shrinkage of macropores with loading or suction increase.  

c) Size correlation between neighbors. There is a statistical correlation 

between the sizes of the different elements meeting at a certain place, such 

as cavities with bonds and cavities with solids.   

d) Non-uniform connectivity, as the number of bonds converging at one cavity, 

may change from site to site.  

e) Geometrical restrictions, in order to guarantee that the bonds connecting to 

one cavity do not intersect one another. 
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CHAPTER 4 

The Probabilistic Porous-Solid Model 

Abstract: In the previous chapter, a computational network porous-solid model was 

developed to simulate the hydraulic behavior of unsaturated soils. However, important 

computational constraints make this model unpractical. In this chapter, a probabilistic 

porous-solid model is developed to overcome these constraints. The probabilistic 

model is an alternative to the use of computational network models and shows 

important advantages. This model is built from the probability of a certain pore to be 

filled or remain filled with water during a wetting or drying process, respectively. The 

numerical results of the probabilistic model are compared with those of the 

computational network model showing only slight differences. Then the model is 

validated by making some numerical and experimental comparisons. Finally, a 

parametric analysis is presented. 

Keywords: Probabilistic model, Network models, Basic unit, Hydro-mechanical 

coupling, Solids, Cavities, Bonds, Saturated fraction, Unsaturated fraction, Dry 

fraction, Degree of saturation of the unsaturated fraction, Retention curves, 

Bishop’s parameter, Relative volume, Porosimetry tests, Macropores, Micropores, 
Effective stresses. 
 

4.1. INTRODUCTION 

 

Recently, Bishop’s effective stress equation has been used for the development of 
simpler and more realistic constitutive models for unsaturated soils [24, 27-30], not 

only because it can estimate approximately the strength of soils but also because it 

takes into account the hysteresis and hydro-mechanical coupling observed in 

unsaturated soils. The importance of hysteresis becomes evident by the fact that the 

degree of saturation affects the stiffness and strength of soil samples subject to the 

same value of suction. This phenomenon shows that for a single value of suction, a 

large range of values for the degree of saturation is possible; therefore, this 

phenomenon affects the value of the effective stress. Hydromechanical coupling is 

related to the shift of SWRCs on the suction axis produced by the volumetric 

deformation of the sample during loading or suction increase which in turn affects 

the value of the effective stress. Both phenomena need to be considered by the 

porous-solid model. 
  

The analysis presented in Chapter 2 shows that Bishop´s effective stress equation 

for unsaturated soils (Eq. (1.1), Chapter 1) can be expressed as in Eq. (2.13) with 

parameter  defined as in Eqs. (2.15) or (2.16). According to this last equation, 
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parameter  depends not only on the degree of saturation (Sw) of the sample but also 

on the void ratio and the structure of the soil as experimentally observed by Bishop 

and Donald [6]. The main problem with the use of Bishop’s equation lays precisely 
in the determination of parameter . In this chapter, a probabilistic porous-solid 

model is developed for the determination of this parameter during wetting-drying 

processes. 

 

4.2. THE PROBABILISTIC MODEL 

 

Based on the framework of the computational network model developed in Chapter 

3, it is possible to develop a probabilistic solid-porous model [82]. The model is 

based on the concept of basic units, which allow the introduction of the solid phase 

in the network. This, in turn, allows the quantification of parameters f s, f u and 𝑆𝑤
𝑢  

required to determine the value of 𝜒. Initially, a basic unit for cavities and bonds is 

defined, and the equations for the main boundary curves at wetting and drying are 

established.  

 

The procedure used to develop the probabilistic model was the following: first, an 

infinite 2D or 3D network made of cavities, bonds, and solids is considered. 

Thereafter, the conditions for a pore (cavity or bond) to drain or saturate during a 

drying or wetting process are established. Then, based on the size distribution of 

each element, it is possible to write the above conditions in the form of probabilistic 

equations. These equations can then be simultaneously solved, and the probability 

for a pore of a certain size to drain or saturate during a drying or wetting process 

can be determined. Subsequently, it is possible to establish a ratio between the dried 

and saturated pores and thus obtain the degree of saturation of the material to finally 

plot the SWRCs at wetting and drying.   

 

This process requires the distributions of the relative volumes of cavities (𝑉𝑅𝐶) and 

bonds (𝑉𝑅𝐵) as a function of their size. The relative volume is defined as the volume 

of the elements of a certain size, divided by their total volume. These distributions 

can be obtained from the results of porosimetry tests. Once these distributions are 

known, it is possible to define the relative volume of cavities 𝐶(𝑅𝑐) and bonds 

𝐵(𝑅𝑐) smaller or equal to the critical radius 𝑅𝑐 in the form, 

 

   dRRVRC
cR

RCc  0
                                                                                        (4.1)  

 

   dRRVRB
cR

RBc  0
                                                                                        (4.2) 
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The critical radius 𝑅𝑐 is defined as the maximum size of the pore that can be 

intruded by water at certain suction. When these integrals are solved for the full 

range of sizes, the result is unity, which means that these functions, in fact, represent 

the distribution of probabilities for cavities and bonds, respectively, as a function 

of their size. These functions are represented in Figs. (1a and b) for wetting and 

drying paths, respectively. 

 

Using the above equations, it is possible to determine the volume of pores of a 

certain size. For example, if 𝑉𝐶(𝑅𝑐) represents the volume of cavities whose sizes 

range from zero to 𝑅𝑐, this parameter is given by the relationship 𝑉𝐶(𝑅𝑐) =

∫ 𝑉𝐶(𝑅) 𝑉𝑅𝐶(𝑅) 𝑑𝑅
𝑅𝑐

0
, where 𝑉𝐶(𝑅) represents the volume of cavities of size 𝑅. 

Similarly, the volume of bonds for sizes ranging between zero and 𝑅𝑐 is given by 

the relationship 𝑉𝐵(𝑅𝑐) = ∫ 𝑉𝐵(𝑅) 𝑉𝑅𝐵(𝑅) 𝑑𝑅
𝑟𝑐

0
, where 𝑉𝐵(𝑅) represents the 

volume of bonds of size 𝑅.  
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CHAPTER 5 

Applications of the Porous-Solid Model 

Abstract: In the previous chapter, a probabilistic porous-solid model with the ability 

to simulate both branches of the soil-water retention curve, was developed. In this 

chapter, the model is used to interpret more realistically the results of mercury 

intrusion porosimetry tests. Moreover, it is used to obtain the pore size distribution of 

soils employing both branches of the soil-water retention curve as data. The numerical 

and experimental comparisons for different soils show that the model approximately 

reproduces the pore size distributions obtained from mercury intrusion porosimetry 

tests. Finally, a procedure to fit the numerical with the experimental soil-water 

retention curves in order to obtain the pore size distribution of soils is presented. 

Keywords: Mercury intrusion porosimetry tests, Scanning electron micrographs, 

Pore size distribution, Grain size distribution, Superficial tension, Contact angle, 

Soil-water retention curve, Critical radius, Relative volume, Macrocavities, 

Microcavities, Micropores, Hydro-mechanical coupling, Soil mixtures, 

Logarithmic normal distribution, Mean size, Standard deviation. 
 

5.1. INTRODUCTION 

 

One of the most popular methods to obtain the pore size distribution (PSD) of soils 

is the mercury intrusion porosimetry (MIP) test. MIP tests are made in pressure 

chambers filled with mercury (which is a non-wetting fluid), where a moisture-free 

soil sample is immersed. Then, the pressure in the chamber is progressively 

increased while the volume of intruded mercury in the pores of soil is recorded. The 

diameter of the intruded pores at a certain pressure is obtained from the Young-

Laplace equation (Eq. (3.2), Chapter 3), using the appropriate parameters of surface 

tension for the air-mercury interface and the contact angle between mercury and 

solid particles. Finally, a graph showing the relative intruded volume versus the size 

of pores is generated. With these results, the sizes of macrocavities and 

microcavities can be established. However, the unrealistic hypotheses made to 

determine the sizes of pores, together with the impossibility to measure the whole 

range of sizes [56], as well as doubts related to the deleterious effect of high 

mercury pressures on the size of pores for loose soils [81], in addition to some 

inconsistencies on the application of data to correctly reproduce the soil water 

retention curves (SWRCs) [89], require these results to be taken with caution and 

to be considered only as an approximation to the real PSD of the material. 
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5.2. MERCURY INTRUSION POROSIMETRY TESTS 

 

Recently, the use of the MIP test to ascertain the PSD of soils has become quite 

popular in unsaturated soil mechanics, primarily because of its simplicity. To 

perform this test, a sample of around 1 cm3 is introduced into a cell filled with 

mercury. The sample has been previously dried by means of different techniques, 

two of them the most frequently used: oven-drying and freeze-drying. In general, 

the freeze-drying method is preferred as it is associated with a smaller disturbance 

of the original structure of the soil due to the rapid rate of freezing.  Once the sample 

has been placed in the cell, the pressure of mercury is gradually increased, and the 

volume of intruding mercury is measured. The radii of the intruded pores are 

obtained from the Young-Laplace equation involving the superficial tension of 

mercury, the contact angle between mercury and solid particles, and the mercury 

pressure. The main hypothesis employed to interpret these results is to assume that 

only those pores size of the critical radius (determined from the Young-Laplace 

equation for the current mercury pressure) are intruded at each increment of 

mercury pressure. Then, a graph showing the relative volume of pores (in cm3 per 

gram) for each pore size is produced. More details of the equipment and procedure 

required to obtain the PSD of soils by MIP can be consulted in Simms and Yanful 

[55]. 

 

However, the hypothesis made to interpret MIP tests is clearly unrealistic. It 

supposes that only equally sized pores are interconnected, while there is no 

interconnection between pores of different sizes. In fact, it has been acknowledged 

that MIP tests exaggerate the frequency of small pores and underestimate that of 

large pores [90]. This is a result of the intrusion of mercury in the bonds, matching 

that of the cavity connected to this bond. This is explained by the fact that larger 

pores are the first ones to be intruded when mercury pressure increases. Then, 

because bonds and cavities are interconnected, and bonds are smaller than cavities, 

in order to intrude a cavity, mercury pressure has to be increased to produce the 

intrusion of one of its connecting bonds.  

 

Considering a porous-solid model as the one described in Chapter 3, it is possible 

to generate a better interpretation of MIP tests. The invasion of mercury (which is 

a non-wetting fluid) is similar to a drying process where pores are invaded by air 

(which is also a non-wetting fluid), forcing the water to drain out of the sample. In 

both cases, the largest pores are the first to fill in with air or mercury, as indicated 

in Fig. (1).  
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When mercury pressure increases, only a fraction of pores, which size is equal to 

or larger than the critical radius, saturate while the rest remain blocked by smaller 

bonds. This occurs because of the interconnection of pores of all sizes. Some larger 

pores saturate during this increase of mercury pressure because at least one of their 

interconnected bonds belongs to those that saturate during this last increment.  

 

The mechanism of mercury invasion is sketched in Fig. (1). Considering that the 

critical radius reduces from 𝑅𝑐1 to 𝑅𝑐1 due to the increase in mercury pressure, the 

blank zone in the figure represents the volume of pores that still have not yet been 

invaded by mercury. The single shadow zone represents the volume of pores 

already invaded by mercury before the new pressure increment. Finally, the double 

shadow zone represents the volume of pores filled in during the last pressure 

increment.  

 

For MIP tests, the appropriate values of contact angle and surface tension are 

needed. According to Eq. (3.2) in Chapter 3, the ratio between the suctions in pores 

filled with water (𝑠𝑤) and mercury (𝑠𝑚) is given by the relationship: 
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where 𝑇𝑠𝑤 and 𝑇𝑠𝑚 represent the surface tension for water and mercury, 

respectively, while 𝜃𝑤 and 𝜃𝑚  are the contact angles for water and mercury with 

the soil minerals, respectively.  

 

 
Fig. (1). Pores invaded by mercury (shaded zone) during a MIP test.   
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CHAPTER 6 

Compression Strength of Soils  

Abstract: In this chapter, the probabilistic porous-solid model is used to determine 

the mean effective stress of soils at failure. The plots of the deviator stress against the 

mean effective stress show a unique failure line for a series of triaxial tests performed 

at different confining net stress and suctions for both wetting and drying paths. This 

result confirms that the proposed effective stress equation is adequate to predict the 

shear strength of unsaturated soils. It also results in different strengths for wetting and 

drying paths, as the experimental evidence indicates. 

Keywords: Shear strength, Effective stress, Net stress, Triaxial tests, Confining 

stress, Axis translation technique, Constant volume test, Friction angle, Wetting 

path, Drying path, Porous-solid model, Soil-water retention curve, Logarithmic 

normal distribution, Critical state, Pore size distribution, Grain size distribution. 
 

6.1. INTRODUCTION  

The probabilistic porous-solid model can be used to obtain the mean effective stress 

at failure for a soil following any stress path. These results can be plotted against 

the deviator stress to determine the failure surface of the material. In this chapter, 

the experimental results of the Speswhite kaolin, as reported by Wheeler and 

Sivakumar [111], are used. These researchers performed a series of triaxial tests 

with different stress paths. With these results, some points of the soil-water 

retention curve (SWRC) at wetting could be obtained. Also, the pore size 

distributions (PSDs) of samples statically compacted at different vertical pressures 

and water contents have been reported by Thom, Sivakumar, Sivakumar, Murray 

and Mackinnon [112]. Finally, the grain size distribution (GSD) of this material 

was reported by Espitia [113].  
 

At this stage, the strength equations do not consider volume changes or 

hydromechanical coupling, and for that reason, only those paths involving no 

volume change of the sample during shearing were considered for the numerical 

comparisons. For the same reason, the experimental results were considered in three 

different groups depending on the confining stress applied to the sample. These 

groups correspond to the confining pressures of 0.1 (three tests), 0.2 (two tests), and 

0.3 MPa (one test). Each group corresponds to a different PSD resulting in three 

different sets of SWRCs and three different groups of curves for parameters 𝑓𝑠, 𝑓𝑢 
and 𝑆𝑤

𝑢 . Accordingly, numerical and experimental comparisons were made 

independently for each group. 
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6.2. NUMERICAL AND EXPERIMENTAL COMPARISONS 

 

All samples tested in the triaxial cell, as well as those used for the determination of 

the PSD and the SWRC, were prepared by static compaction at a water content of 

25% (4% less than the optimal). These samples were compacted in nine layers at a 

constant displacement of 1.5 mm/min and a maximum vertical total stress of 0.4 

MPa. This procedure provided samples with a dry density of 1.2 g/cm3, a specific 

volume of 2.21, and a degree of saturation of 54%. Prior to the loading stage, all 

samples were subject to an isotropic net stress of 0.050 MPa with suctions ranging 

from 0 to 0.3 MPa in the triaxial cell. At these levels of suction, all samples 

increased their water content. In addition, those samples subject to suctions of 0 and 

0.1 MPa experienced volumetric collapse. Once equilibrium was accomplished, the 

isotropic net stress was increased to reach a final value ranging between 0.1 and 0.3 

MPa. Because all samples increased their water content during the equilibrium 

stage, this means that all these results correspond to the wetting branch of the 

SWRC. 

 

The GSD of the Speswhite kaolin reported by Espitia [113] is shown in Fig. (1a). 

The same figure shows the adjusted numerical curve obtained from a double 

logarithmic normal distribution. Even though, small differences between these two 

curves subsist, the numerical fitting is sufficiently accurate.  

 

The experimental points (Ex) of the SWRCs for the confining pressures of 0.1, 0.2, 

and 0.3 MPa are shown in Fig. (1b). These points were obtained from the results of 

controlled suction triaxial tests with no volume change performed by Sivakumar 

[114]. They correspond to the value of the degree of saturation at a critical state for 

those tests performed at the same confining pressure, but different suctions. This 

figure also shows the numerical (N) SWRCs at wetting for the different confining 

pressures. The numerical curves were fitted to the experimental points by 

successively modifying an initially proposed PSD according to the procedure 

outlined in the previous chapter. In order to produce complete curves, it was 

necessary to estimate the values of the residual and the saturated degree of 

saturation according to the tendency of the experimental points. The first parameter 

was assessed as 0.05 for all tests, while the second was estimated as 0.91, 0.96, and 

0.97 for the confining pressures of 0.1, 0.2, and 0.3 MPa, respectively.  

 

Fig. (1c) shows the PSD obtained from mercury intrusion porosimetry (MIP) tests 

carried out on a sample prepared according to the aforementioned procedure. This 

curve shows a bimodal distribution with two peaks: one at approximately 0.45 m 

and the other at approximately 4.5 m, corresponding to the size distribution of 
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micro and macrocavities, respectively.  The same figure shows the PSDs obtained 

by fitting the numerical and the experimental SWRC at wetting for the three 

different confining stresses. Although the experimental and the numerical curves 

show similar shapes, two main differences between them emerge: the first one is 

that the numerical PSD is displaced to the left with respect to the experimental 

results. The second one is that the numerical maximum relative volume of 

macropores is much smaller than the experimental value. The reason for these 

differences can be explained by the fact that MIP tests were performed in “as 
compacted” soil samples before the equalization stage, where the confining 
pressure and the increase in water content produced a volumetric reduction in the 

sample that affects mainly the size of macropores as has already been discussed in 

Chapters 3 and 5. This same deviation of the numerical PSD with respect to the 

experimental results was observed when a computational network model was used 

to simulate the SWRC of this material [115].  

 

Once the PSD for each confining pressure has been established, the parameters 

required by the porous-solid model can be determined. Table 1 shows the 

parameters obtained for a confining pressure of 0.1 MPa. Notice that cavities and 

bonds needed a double logarithmic distribution to correctly simulate the SWRCs. 

 
Table 1. Parameters of the model for a confining pressure of 0.1 MPa. 

 

Parameter mC MC mB MB Sol1 Sol2 

�̅� (m) 0.05 0.8 0.008 0.13 0.02 1.1 

 1.7 1.4 1.7 1.4 3.8 1.1 

𝝔 0.01 0.01 0.005 

Notes: mC = mesocavities, MC = macrocavities, mB = microbonds , MB = macrobonds, Sol1 = 

solids (1), Sol2 = solids (2), 𝜚 = relative volume factor. 

 

For the confining pressures of 0.2 and 0.3 MPa all parameters included in Table 1 

remain the same except for the mean size of macropores which takes the values of 

0.83 m and 0.75 m, respectively. The connectivity considered in the porous solid 

model for this case was 4. Finally, a value of 0.25 for the shape factor allowed 

matching the numerical and experimental voids ratio for the different confining 

pressures as shown in Table 2. 

 

Once all parameters of the porous-solid model have been defined, it is possible to 

simulate a wetting process and obtain the values of 𝑓𝑠, 𝑓𝑢, 𝑆𝑤
𝑢  and 𝜒 for the full 

range of suction and for each confining pressure. These results are presented in Fig. 

(2). In Figs. (2a and c), it can be seen that both parameters 𝑓𝑠 and 𝑆𝑤
𝑢  increase 
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CHAPTER 7 

Tensile Strength 

Abstract: In this chapter, the probabilistic porous-solid model is used to simulate the 

tensile strength of unsaturated soils tested at different water contents. The strength of 

unsaturated soils can be split into two parts: one related to the net stress and the other 

to suction stress. The strength generated by suction has its origin in the additional 

contact stresses induced to solid particles by water meniscus. This additional contact 

stress is called matric suction stress when it is solely related to matric suction. In such 

a case, the tensile strength of soils represents the matric suction stress of the material 

at that particular water content. The numerical and experimental comparisons of the 

tensile strength of unsaturated soils tested at different water contents show that the 

probabilistic porous-solid model can simulate this phenomenon quite accurately. 

Keywords: Direct tensile test, Water meniscus, Tensile stress, Suction, Matric 

suction Stress, Additional contact stress, Tensile strength, Probabilistic porous-

solid model, Effective stress, Net stress, Suction, Cohesion, Water menisci, 

Homogenous material, Retention curves. 
 

7.1. INTRODUCTION  
 

Eq. (2.18) in Chapter 2, represents the shear strength of an unsaturated soil 

subjected to a certain suction. This equation can also be rewritten as:  

 

𝜏 = 𝜎𝑛
′ tan𝜑 = (�̅�𝑛 + 𝜎𝑠

∗) tan𝜑 = �̅�𝑛 tan𝜑 + 𝑐  

 

where c represents the cohesion of the soil. If osmotic suction is neglected, the 

matric suction stress represents additional contact stresses induced by water 

meniscus to solid particles (Lu, 2008). According to Eq. (2.15) in Chapter 2, the 

matric suction stress is given by the relationship: 
 

𝜎𝑠
∗ = 𝜒𝑠 = [𝑓𝑠 + 𝑆𝑤

𝑢𝑓𝑢]𝑠                                                                                   (7.1) 

 

Among the considerations made to obtain this equation is that the soil is a 

homogeneous isotropic material and in that sense, the matric suction stress 

represents an isotropic stress. During a tensile test, the maximum strength reached 

by a soil sample represents the bonding stress between solid particles, and therefore, 

it also represents the matric suction stress of the material at that particular water 

content [122]. Thus, tensile tests represent a direct measurement of the matric 

suction stress of soils. In that sense, the probabilistic porous-solid model can be 
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used to determine the matric suction stress of soils, and, therefore, their tensile 

strength.   

 

7.2. TENSILE TESTS 

 

Vesga and Vallejo [122] performed a series of direct tensile tests on kaolin samples 

with different degrees of saturation following a drying path. At the same time, these 

researchers reported the drying soil-water retention curve (SWRC) of the material. 

  

The tensile tests were performed on flat bowtie-shaped samples. In this way, the 

samples could be fixed at their extremes, and the failure always occurred at their 

centers. The samples were 7 cm long, 2.2 cm thick, with a central neck 2.5 cm wide. 

These samples were cast in a flat mold where the material was placed at a water 

content close to the liquid limit (40%). Then a vertical load of 0.03 MPa was applied 

for 24 hours. Once the loading stage was finished, the sample was subjected to a 

drying process in controlled humidity conditions up to the point where it reached a 

water content previously specified. Finally, the sample was placed in a membrane 

for 48 hours to allow the homogenization of the humidity before the test was 

performed. 

 

Unfortunately, all these tests were performed following a drying path, and there is 

no information related to the wetting path. Nevertheless, the porous-solid model 

was used to simulate the SWRC of the material by successively adjusting an 

initially proposed pore size distribution (PSD), as already explained in Chapter 5. 

Fig. (1a) shows the experimental SWRC obtained by Vesga and Vallejo [122] using 

the filter paper method. This figure also shows the fitted numerical SWRC obtained 

with the porous-solid model. In this case, a double logarithmic function was 

considered for both cavities and bonds to achieve the best fit for the SWRC. The 

required data for each distribution are the mean radius, the standard deviation, and 

the relative volume factor. The values obtained for these parameters are presented 

in Table 1.  

 
Table 1. Parameters of the model. 

 

Parameter mC MC mB MB 

�̅� (m) 0.0014 0.075 0.0009 0.03 

 5.1 1.5 7 3.5 

𝝔 0.02 0.1 

Note: mC = microcavities, MC = macrocavities, mB = microbonds, MB = macrobonds, 𝜚 = relative 

volume factor. 
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These parameters establish the frequency of the different sizes of pores in the 

porous network. With this data and the size of the pores, it is possible to determine 

the numerical relative volume for each size, as shown in Fig. (1b). Fig. (1c) shows 

the values of parameters 𝑓𝑠,  𝑓𝑢, 𝑓𝑑 and 𝑆𝑤
𝑢  obtained from the porous-solid model 

when the sample follows a drying path. Finally, Fig. (1d) shows the values for 

parameter  versus the value of suction. By comparing Figs. (1a and d), it can be 

observed that the values of parameter  are slightly smaller than those represented 

by the degree of saturation (𝑆𝑤). Greater variations between  and 𝑆𝑤 can be 

observed when the difference in the mean size of micro and macrocavities is larger 

(double structured soils). All these parameters were obtained only for the drying 

condition as no information was provided for the wetting branch of the SWRC, as 

already mentioned.   
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CHAPTER 8 

Volumetric Behavior  

Abstract: In this chapter, an equation to account for the volumetric behavior of 

unsaturated soils is proposed. This equation is based on the effective stress principle 

and results in a unifying framework for the volumetric behavior of both saturated and 

unsaturated soils. The numerical results of the proposed equation are compared with 

experimental results published by different researchers. These comparisons show that 

the equation is adequate to account for wetting-drying and net stress loading-

unloading paths. This analysis confirms that the effective stress principle can be 

applied to the volumetric behavior of unsaturated soils. 

Keywords: Volumetric behavior, Effective stress principle, Isotropic triaxial test, 

Controlled suction test, Effective stress, Compression index, Unloading-reloading 

index, Unsaturated soils, Collapse, Elastoplastic framework, Hydro-mechanical 

coupling, Water menisci, Macropores shrinkage, Suction hardening, Yield surface. 
 

8.1. INTRODUCTION  
 

Different approaches have been proposed to simulate the volumetric behavior of 

unsaturated soils. Two of the main trends are, on one side, the independent stress 

variables approach and, on the other, the single stress variable approach. In the first 

one, two different coefficients are used to account for the contribution of net stress 

and suction on the volumetric behavior. In the second case, a single volumetric 

coefficient is related to a single stress variable (in most cases referred to as the 

effective stress) to simulate the volumetric behavior. 
  

One of the main advantages of using the single stress approach is that the hydro-

mechanical coupling observed in unsaturated soils is implicit in the formulation. 

On the contrary, the difficulties in finding a correct explanation for the phenomenon 

of collapse upon wetting were one of the main objections to this approach. 

However, it is presently acknowledged that the simulation of this phenomenon 

requires, in addition to the effective stress equation, an appropriate elastoplastic 

framework. In contrast, the independent stress variables models seem to clearly 

explain the phenomenon of collapse upon wetting, while the implementation of the 

hydro-mechanical coupling has been included in different degrees, as can be 

observed in references [27, 28, 128, 129]. 
 

The first approach has the following general form for the elastoplastic volumetric 

strain increment dv: 
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𝑑𝜀𝑣 =
1

𝑣
(𝜆𝑣𝑝

𝑑�̅�

�̅�
+ 𝜆𝑣𝑠  

𝑑𝑠

(𝑠 + 𝑝𝑎𝑡𝑚)
) 

 

Where v is the specific volume of the soil, �̅� and 𝑑�̅� represent the apparent 

preconsolidation mean net stress at the current suction and its increment, 

respectively, s and ds are the maximum previous suction and its increment, patm is 

the atmospheric pressure, λvp and λvs are the slopes of the compression curves due 

to increases of the mean net stress and suction, respectively, in a semilogarithmic 

plane. Both slopes show negative values meaning that negative volumetric strains 

indicate volumetric reduction. This expression allows great flexibility in the 

simulation of the volumetric behavior of unsaturated soils. It is common to express 

vp as a function of suction while vs is considered constant. However, the 

experimental results indicate that vp must also depend on the mean net stress while 

vs must depend on both the mean net stress and suction (see for example [130, 

131]). In that sense, the above expression becomes more complicated than it seems. 

Another disadvantage of this expression is that under zero suction, the equation for 

the volumetric behavior of saturated soils is not recovered, and therefore the 

transition from unsaturated to saturated states and vice-versa, is not smooth [132]. 

Examples of this approach are given in the models developed by Alonso, Gens and 

Josa [7], Wheeler and Sivakumar [111], and Thu, Rahardjo and Leong [133], 

among others. 

 

The second approach uses the same equation as for saturated soils, written in the 

following general form: 

 

𝑑𝜀𝑣 =
𝜆𝑣

𝑣

𝑑𝑝′

𝑝′
 

 

where 𝑝′  and 𝑑𝑝′ represent the preconsolidation mean effective stress and its 

increment, respectively and v represents the slope of the compression curve in the 

axes of the logarithm of the mean effective stress versus specific volume. For the 

most general case, v can be written as a function of the mean net stress, the 

preconsolidation stress, and suction. Another possibility is to write v as a function 

of the degree of saturation [132]. The effective stress approach has been used in the 

models proposed by Sheng, Sloan and Gens [30], Sun, Cui, Matsuoka and Sheng 

[129], Khogo, Nikano and Miyazaky [134], Loret and Khalili [135], Kholer and 

Hofstetter [136] and Koliji, Laloui and Vulliet [137] among others.   

  



120    Towards a Unified Soil Mechanics Theory Eduardo Rojas 

Recently Sheng, Fredlund and Gens [138] proposed a combination of these two 

trends writing the suction volumetric index as a function of the mean stress index, 

in the form: 

 

𝑑𝜀𝑣 = 𝜆𝑣𝑝
𝑑�̅�

�̅�+𝑠
+ 𝜆𝑣𝑠

𝑑𝑠

�̅�+𝑠
                                                                                     (8.1) 

 

where the volumetric suction index λvs depends on the value of λvp according to the 

following relationship:  

 

𝜆𝑣𝑠 = {
𝜆𝑣𝑝                      𝑠 < 𝑠𝑎

𝜆𝑣𝑝
𝑠𝑎+1

𝑠+1
            𝑠 > 𝑠𝑎

                                                                             (8.2) 

 

where sa represents the saturation suction [138]. In this case, the volumetric strain 

by net stress or suction increase depends on both the current net stress and the 

current suction; therefore, Eq. (8.1) is able to reproduce quite accurately the 

volumetric response of unsaturated soils reported in the international literature. 

  

One of the most important features of this equation is the introduction to some 

extent of the hydro-mechanical coupling through parameter sa. In addition, although 

the two compression indexes 𝜆𝑣𝑠 and 𝜆𝑣𝑝 can be related using Eq. (8.2), different 

approaches can be used for more general cases. When plotted in the mean net stress 

axis versus suction, the yield surface generated with Eq. (8.1) shows a concavity. 

In fact, most constitutive models for unsaturated soils show a concavity at the 

transition between saturated and unsaturated states (see for example [139-142]). 

Although this concavity poses some difficulties in obtaining a unique response, this 

can be numerically solved. Moreover, Eq. (8.1) cannot be integrated and therefore 

requires special treatment in the stress integration for the constitutive model.  

 

In contrast, the effective stress approach shows important advantages over the 

others because it uses a single compression index, shows a smooth transition 

between saturated and unsaturated states, and the proposed equation can be 

integrated. In addition, with a proper elastoplastic framework, this approach 

correctly explains the phenomenon of collapse upon wetting (see Chapter 9) and 

results in a unifying volumetric framework for saturated and unsaturated soils. This 

approach is developed in the next sections. 
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CHAPTER 9 

Collapse Upon Wetting 

Abstract: This chapter presents the modeling of the phenomenon of collapse upon 

wetting using the effective stress approach established in Chapter 2 and the 

elastoplastic framework for the volumetric behavior of soils proposed in the previous 

chapter. Using the probabilistic porous-solid model, Bishop’s parameter  can be 

obtained to determine the current effective stress. The proposed framework includes 

the hysteresis of the SWRC and, to some extent, the hydro-mechanical coupling of 

unsaturated soils. This model is able to reproduce some particularities of the 

phenomenon of collapse upon wetting that other models cannot simulate. 

Keywords: Collapse upon wetting, Unsaturated soils, effective stress, Elastoplastic 

framework, Yield surface, Suction hardening, Soil-water retention curve, 

Hysteresis, Hydro-mechanical coupling, Porous-solid model, Bishop’s effective 
stress equation, Compacted soils, Neutral loading, Suction controlled tests, 

Preconsolidation stress. 
 

9.1. INTRODUCTION 

 
The Barcelona Basic Model (BBM) [7] has been able to reproduce the main aspects 

of the phenomenon of collapse upon wetting using the independent stress variables 

approach formally established by Fredlund and Morgenstern [5]. The key point for 

the simulation of the phenomenon of collapse upon wetting in this model is the 

consideration that the apparent preconsolidation stress increases with suction (Fig. 

1). This feature is introduced into the model through the loading collapse yield 

surface (LCYS), which adopts the geometry shown in Fig. (1b). By analyzing the 

volumetric behavior of a soil sample subject to a drying-wetting cycle, the equation 

relating the yield stress in unsaturated (𝑝
̅0

) and saturated (𝑝
̅0
∗) conditions can be 

written as a function of the slopes of the loading (𝜆(0) and 𝜆(𝑠)) and unloading-

reloading ( and 𝜅𝑠) compression curves of the soil at saturated and unsaturated 

conditions, respectively. This equation writes: 
 

𝑝

̅
0

𝑝𝑟 
= (

𝑝

̅
0
∗

𝑝𝑟
)

𝜆(0)−𝜅
𝜆(𝑠)−𝜅𝑠

 

 

where 𝑝𝑟 represents a reference pressure. In general, it can be considered that 𝜅 =
 𝜅𝑠 as their values are relatively small. In turn, 𝜆(𝑠) depends on the values of 𝜆(0) 

and suction. This equation represents the shape of the LCYS, as shown in Fig. (1b). 
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When an increment of the net stress is applied to an initially saturated sample that 

has been dried to suction 𝑠1, as indicated by the stress path AA’BD in Fig. (1b), the 

initial LCYSi displaces on the mean net stress axis reaching the position LCYSf. 

Then, the elastic zone is bounded by the suction increase yield surface (SIYS), the 

suction decrease yield surface (SDYS), and the LCYS. 

 

The volumetric compression of the material during a net stress increase (𝑑𝑣𝑝) 

beyond the yield stress is given by: 

 

𝑑𝑣𝑝 = −𝜆(𝑠)
𝑑�̅�

�̅�
 

 

In the same way, the volumetric response of the soil during a suction increase (𝑑𝑣𝑠) 

beyond the SIYS is given by: 

 

𝑑𝑣𝑠 = 𝜆𝑠

𝑑𝑠

𝑠 + 𝑝𝑎𝑡
 

 

where s represents the slope of the virgin compression line (VCL) during suction 

increase, ds is the increment in suction and 𝑝𝑎𝑡 is the atmospheric pressure. In the 

case when both net stress and suction are increased, the total volumetric response 

of the material (dv) is given by the addition of the volumetric behavior during mean 

net stress increase and suction increase, in the form: 

 

𝑑𝑣 = 𝑑𝑣𝑝 + 𝑑𝑣𝑠 

 

This model has been widely employed to reproduce the volumetric behavior of 

unsaturated soils with great success.  

 

Other models have been formulated based on the effective stress concept. See, for 

example, Bolzon, Schrefler and Zienkiewics [161], Vaunat, Romero and Jommi 

[128], Loret and Khalili [135], Karube and Kawai [162], Gallipoli, Gens, Sharma 

and Vaunat [28], Wheeler, Sharma and Buisson [27]. These models make use of 

Bishop’s [14] effective stress 𝜎𝑖𝑗
′ : 

 

𝜎𝑖𝑗
′ = 𝜎𝑖𝑗 − 𝛿𝑖𝑗[𝑢𝑎 − 𝜒(𝑢𝑎 − 𝑢𝑤)] 

 

The Bishop parameter  can be written as a function of the degree of saturation, 

suction or both. For example, the model proposed by Gallipoli, Gens, Sharma and 



Collapse Upon Wetting Towards a Unified Soil Mechanics Theory    149 

Vaunat [28] considers that  is equal to the degree of saturation. To account for the 

volumetric behavior of unsaturated soils, the model includes the constitutive 

parameter  which represents the bonding and debonding stress produced by water 

menisci. This parameter is written as a function of the degree of saturation Sr in the 

form: 

 

𝜉 = 𝑓(𝑠)(1 − 𝑆𝑟) 

 

where f(s) is a function of suction representing interparticle forces. Considering that 

e and es represent the void ratio in unsaturated and saturated conditions, 

respectively, when the soil is subject to the same Bishop stress, the relationship 

between the ratio e/es with parameter , has been proposed as: 

 
𝑒

𝑒𝑠
= 1 − 𝑎[1 − 𝑒𝑥𝑝(𝑏𝜉)] 

(a)                                                         (b) 

 
Fig. (1). (a) Volumetric behavior and (b) hardening of the LCYS in the BBM. 

 

This model simulates the volumetric response of soils subjected to increments of 

the mean net stress and/or wetting-drying cycles, including the phenomenon of 

collapse upon wetting. 

 

Another variation for the value of parameter  is presented by Alonso, Pereira, 

Vaunat and Olivella [163]. In this case, the global degree of saturation (𝑆𝑤) of the 
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CHAPTER 10 

Expansive Soils 

Abstract: In this chapter, the elastoplastic framework for the volumetric behavior of 

soils developed in Chapters 8 and 9 is extended to account for the case of expansive 

soils. The hydraulic behavior of the soil is simulated using the porous-solid model 

developed in Chapter 4. The result is an elastoplastic framework where the value and 

sign of the expansion index depend on the density of the soil as well as the state of 

stresses and the direction of the increment of the effective stress with respect to the 

yield surfaces in the plane of effective mean stress against suction. Experimental and 

numerical comparisons show the ability of the model to simulate the behavior of 

expansive soils under different stress paths. 

Keywords: Expansive soils, Effective stresses, Elastoplasticity, Compression 

index, Unloading-reloading index, Compression-expansion index, Relative density, 

Collapse upon loading, Loading collapse yield Surface, Suction increase yield 

surface, Wetting path, Drying path, Loading path, Unloading path. 
 

10.1. INTRODUCTION 

 It is known that montmorillonite is one of the most active clays in nature. It appears 

as equidimensional flakes with a maximum length of 1 or 2 m and a medium 

thickness of 0.001 m for a single platelet or basic unit. Each basic unit is formed 

by one octahedral sheet packed between two silica sheets. The octahedral sheet may 

contain aluminum, magnesium, iron, zinc, nickel, lithium, or other cations (Mitchell 

[176]). These sheets are bonded together in a basic unit by primary valence links, 

which are very strong and hard to destroy. A certain number of basic units can be 

piled together by electrical forces forming a single clay particle. In general, positive 

cations and molecules of water can make the link between basic units. Their 

secondary specific surface (i.e., the one that considers the interlayer surface) may 

be as large as 800 m2/g. This means that electrical forces are of great importance 

for the behavior of these materials. Due to the bipolar characteristics of the 

molecule of water and depending on its availability, additional layers of water can 

intrude the link between the different platelets of a particle. When this happens, 

particles increase their volume, and clay exhibits expansion. This phenomenon is 

called crystalline swelling. If salt is diluted in the invading water, a double layer 

develops between particles, and repulsive forces appear. This phenomenon is called 

osmotic or double-layer swelling (Anandarajah and Amarasinghe [177]). In this 

paper, only the case of crystalline swelling is considered. 
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It is also known that many natural fine materials and dry of optimum compacted 

soils show a bimodal structure formed by a microstructure and a macrostructure. 

The microstructure is represented by the arrangement of small particles forming 

aggregates with pores of small size. These pores are called intra-aggregated pores 

or micropores. The relative arrangement of aggregates constitutes the 

macrostructure which exhibits larger pores. These pores are called inter-aggregated 

pores or macropores. The microstructure and the macrostructure become apparent 

through the pore size distribution (PSD) of the soil, which can be obtained from 

mercury intrusion porosimetry (MIP) tests like those performed by Simms and 

Yanful [55]. These researchers also observed that the relative volume of 

macropores reduces while that of intra-aggregated pores increases in relation to the 

total volume of pores when a soil sample is loaded or dried (Simms and Yanful [55, 

56]). 

 

This chapter is organized as follows: first, some of the most successful models for 

expansive soils are revised. Subsequently, the elastoplastic framework developed 

in Chapters 8 and 9 is extended for the case of expansive soils. Later, some 

comparisons between numerical and experimental results are presented. 

 

10.2. BACKGROUND 

 

One of the most successful models to simulate the behavior of expansive soils was 

proposed by Gens and Alonso [178] and later improved by Alonso, Vaunat and 

Gens [179]. These authors developed an elastoplastic framework for the behavior 

of expansive soils based on the independent stress variables approach [5]. This 

model includes the behavior of the two structural levels: the microstructure and the 

macrostructure. The microstructure is represented by swelling aggregates. This 

microstructure remains mostly saturated, and its behavior is governed by the 

effective stress obtained from the addition of net stress and pore water pressure. In 

that sense, a change in suction or net stress of the same quantity results in the same 

volumetric strain of the microstructure. The macrostructure is represented by the 

particular arrangement of aggregates and coarse material. These elements form the 

inter-aggregated pores where major structural rearrangements occur during loading 

or suction increase. However, the volumetric response of the macrostructure has a 

low direct influence on the microstructure. In contrast, the volumetric behavior of 

the microstructure greatly affects the macrostructure. When an expansive soil is 

subjected to wetting–drying cycles, the volume of its microstructure alternatively 

increases and reduces, and this volumetric behavior is partially transmitted to the 

macrostructure. Therefore, it can be said that there is a single-direction coupling 

between microstructure and macrostructure. Gens and Alonso [178] consider that 
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this coupling between micro and macrostructure depends on the overconsolidation 

ratio of the sample. Also, these authors consider microstructural deformations as 

largely reversible while irreversible behavior is attributed to the macrostructure. 

 

 The modeling of the macrostructure is described in the original Barcelona Basic 

Model (BBM) by Alonso, Gens and Josa [7]. The elastic region of the 

macrostructure in the plane of mean net stress (�̅�) versus suction (s) is bounded by 

the loading collapse yield surface (LCYS) as indicated in Fig. (1a). In order to 

include the behavior of expansive soils in this model, an expansive yield surface is 

added. This surface is called the Neutral Line (NL) and is represented by a straight 

line forming 1350 with the horizontal in the plane formed by net stress and suction 

(Fig. 1a). When this yield surface is crossed by a suction or stress reduction path, 

the microstructure expands. A related movement between the NL and the LCYS 

takes into account the coupling between microstructure and macrostructure during 

expansion. 

 

In order to include the macrostructural elastoplastic volumetric strains generated by 

the reversible microstructural strains, the suction increase yield surface (SIYS) and 

the suction decrease yield surface (SDYS) are included in the mean net stress-

suction plane as indicated in Fig. (1a). These surfaces run parallel to the NL; the 

former is located above while the latter is located below the NL. The SIYS and the 

SDYS bound the macrostructural elastic volumetric strains during shrinkage and 

swelling of the microstructure, respectively. In addition, the dependency of the 

volumetric elastoplastic strains of the macrostructure on the elastic strains of the 

microstructure is included by means of two functions: 𝑓𝐷 and 𝑓𝐼 for suction decrease 

or increase, respectively. These functions depend on the ratio �̅� �̅�0⁄  (where �̅�0 

represents the apparent preconsolidation net stress) for isotropic stresses, and their 

shape is plotted in Fig. (1b). This ratio has the same meaning as the 

overconsolidation ratio for saturated soils. A possible choice for these functions is 

given by Alonso, Vaunat and Gens [179]: 

 

𝑓𝐼 = 𝑓𝐼0 + 𝑓𝐼1 (
�̅�

�̅�0
)

𝑛𝐼

  and   𝑓𝐷 = 𝑓𝐷0 + 𝑓𝐷1 (1 −
�̅�

�̅�0
)

𝑛𝐷
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CHAPTER 11 

Hydro-Mechanical Coupling 

Abstract: The phenomenon of hysteresis during wetting-drying cycles can be 

simulated using the porous-solid model developed in Chapter 3. This model employs 

the current pore-size distribution of the material. The term “current pore-size 

distribution” means that the size of pores can be updated as the soil deforms. In that 
sense, the porous-solid model can be used advantageously for the development of 

fully coupled hydro-mechanical constitutive models, as the influence of the 

volumetric deformation on the retention curves and effective stresses can be easily 

assessed. By including some experimental observations related to the behavior of the 

pore size distribution of soils subjected to loading or suction increase, volume change 

can be related to the reduction in the size of macropores. This methodology avoids 

the necessity of any additional parameter or calibration procedure for the 

hydromechanical coupling of unsaturated soils. 

Keywords: Hydro-mechanical coupling, Unsaturated soils, Porous-solid model, 

Pore size distribution, Soil-water retention curves, Hysteresis, Effective stresses, 

Macropores, Volumetric strain, Mean size of pores, Volumetric reduction, 

Evolution of pore size distribution, Loading, Suction increase. 
 

11.1. INTRODUCTION 
 

The aim of this chapter is to reproduce the shift of the soil-water retention curve 

(SWRC) generated by plastic volumetric deformations. To this purpose, the porous-

solid model developed in Chapter 4 is coupled to the elastoplastic framework 

developed in Chapter 8, to build up fully coupled constitutive models for 

unsaturated soils. The idea is to take advantage of the fact that the porous-solid 

model is based on the current pore size distribution (PSD) of the material. Then, by 

making some assumptions on the way the PSD changes with volumetric 

deformations, an analytical expression can be derived. Using this procedure, no 

additional parameters nor fitting process are required for the porous-solid model to 

account for hydromechanical coupling.  

 

This chapter starts with a brief description of some of the most relevant models used 

to include the hydro-mechanical coupling in unsaturated soils. Afterward, some 

assumptions regarding the way in which the PSD changes with the volumetric 

response of the material are considered, and an analytical equation is derived. 

Finally, this proposal is evaluated by making some numerical and experimental 

comparisons. 
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The hydro-mechanical coupling in unsaturated soils was probably first mentioned 

by Wheeler [206]. This researcher stated that complete constitutive models for 

unsaturated materials should include information on the water content or degree of 

saturation. For that purpose, this author proposed the use of the specific water 

volume (𝑣𝑤) as a second volumetric state variable. This variable comes in addition 

to the specific volume (𝑣 = 1 + 𝑒), generally treated as the first volumetric state 

variable. The specific water volume is defined as: 

 

𝑣𝑤 = 1 + 𝑆𝑤𝑒 

 

where 𝑆𝑤 and e represent the degree of saturation and the void ratio of the material, 

respectively. Wheeler [206] also indicated that fully coupled models should 

incorporate the hydraulic hysteresis and the effect of the state of stresses on the 

hydraulic behavior. The hysteresis of the SWRC causes the water content to be 

dependent not only on the value of suction but also on the wetting-drying path 

followed by the material. In addition, the volumetric deformation of the soil 

produces a shift of the SWRC in the axes of suction.  

 

It is presently acknowledged that the best way to develop fully coupled hydro-

mechanical models is on the basis of the effective stress principle. In recent years, 

several effective stress constitutive models that take account of the hysteresis of the 

SWRC have been developed. Among the most remarkable are the models by 

Vaunat, Romero and Jommi [128], Jommi [207], Buisson and Wheeler [208], 

Wheeler, Sharma and Buisson [27], Gallipoli, Gens, Sharma and Vaunat [28], 

Sheng, Sloan and Gens [30], Tamagnini [29] and Sun, Sheng and Sloan [209]. 

Different solutions have been proposed by earlier researchers to include the 

influence of the volumetric deformation on the SWRC (Vaunat, Romero and Jommi 

[128], Kawai, Kato and Karube [210], Gallipoli, Wheeler and Karstunen [211], 

Wheeler, Sharma and Buisson [27], Simms and Yanful [102], Koliji, Laloui and 

Vuillet [116], Sun, Sheng, Cui, Sloan [165], Nuth and Laloui [212], Tarantino 

[213], Mâsín [214], Sheng and Zhou [215], Gallipoli [216], Salager, Nuth, Ferrari 

and Laloui [217], Zhou and Ng [218] among others). Some of these models include 

the shift of the SWRC dependent on the volumetric deformation ([128, 216, 218]). 

The different solutions adopted by some of these models on this issue are reviewed 

below. 

 

Vaunat, Romero and Jommi [128], adopted the elastoplastic framework of the 

Barcelona Basic Model (Alonso, Gens and Josa [7]) and included the effect of 

hysteresis and the state of stresses on the hydraulic behavior of the material. The 

last was considered by establishing all possible hydraulic states of the sample in the 
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void ratio-water ratio-suction space. The water ratio was defined as the ratio 

between the volume of water and the volume of solids. These researchers also 

considered that macropores are the only pores responsible for the volumetric 

deformation of soils. By including the void ratio in a modified van Genuchten 

formulation of the SWRCs, the influence of the irreversible deformation on the 

hydraulic behavior of soils is taken into account. For example, the water ratio 𝑒𝑤𝐷,𝑊 

at drying (𝐷) or wetting (𝑊) was expressed as: 

 

𝑒𝑤𝐷,𝑊 = 𝑒𝑤𝑚 + (𝑒 − 𝑒𝑤𝑚)[1 + (𝛼𝐷,𝑊𝑠)
𝑛𝐷,𝑊

]
−𝑚𝐷,𝑊

[1 −
ln (1 +

𝑠
𝑠𝑚𝐷,𝑊

)

2
] 

 

where 𝑒𝑤𝑚 is the water ratio of micropores. The values of soil parameters 𝛼𝐷,𝑊, 

𝑠𝑚𝐷,𝑊, 𝑚𝐷,𝑊 and 𝑛𝐷,𝑊 also depend on the path followed by suction: drying (D) or 

wetting (W). A similar approach to include the influence of void ratio on the SWRC 

was proposed by Della Vecchia, Jommi and Romero [164]. 

 

Khalili, Habte and Zargarbashi [219], simulated the SWRC using a modified 

Brooks and Corey [220] equation written as a function of the effective degree of 

saturation (𝑆𝑤𝑒), defined as: 

 

𝑆𝑤𝑒 =
𝑆𝑤 − 𝑆𝑤𝑟
1 − 𝑆𝑤𝑟

 

 

were 𝑆𝑤𝑟 represents the residual degree of saturation. Therefore the main curves 

are simulated in terms of the air entry (𝑠𝑎𝑒) or the air expulsion (𝑠𝑒𝑥) value for the 

drying or wetting curve, respectively, in the form: 

 

𝑆𝑤𝑒 = {

1     for    s < se 

(
𝑠𝑏
𝑠
)
𝜆𝑝
     for      𝑠 ≥ 𝑠𝑒

 

 

where s  represents the current suction of the material and 𝑠𝑏 takes the value of 𝑠𝑎𝑒 

or 𝑠𝑒𝑥 for the main drying or wetting curve, respectively. Parameter 𝜆𝑝 is called the 

pore size distribution index and controls the slope of the main retention curves. For 

the case of wetting-drying cycles, parameter 𝑆𝑤𝑒 depends on the value of suction at 
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CHAPTER 12 

A Fully Coupled Critical State Model 

Abstract: In previous chapters, it has been shown that the principle of effective 

stresses can be applied to the shear strength, the tensile strength, and the volumetric 

behavior of unsaturated soils. This chapter shows that the critical state line for 

unsaturated soils shifts with respect to the saturated critical state line in a quantity that 

depends on the suction stress. Taking into account this phenomenon and the influence 

of hydro-mechanical coupling on the behavior of unsaturated soils, a fully coupled 

general constitutive model for soils is developed. This model is based on the modified 

Cam-Clay model but includes a yield surface with anisotropic hardening that takes 

into account the shift of the critical state line with suction. The result is a very simple 

model with symmetric stiffness matrix that can be used for the case of saturated, 

unsaturated, and compacted materials. 

Keywords: Critical state concept, Critical void ratio, Effective stress, Virgin 

consolidation line, Elastoplastic framework, Elastic zone, Constitutive models, 

Tensile strength, Volumetric behavior, Effective stress, Yield surface, Plastic 

deformations, Suction hardening, Failure surface, Preconsolidation stress. 
 

12.1. BACKGROUND 

 
In the last twenty years, many hydro-mechanical coupled models for unsaturated 

soils have been developed using the effective stress concept. Some recent examples 

of models developed to solve different problems can be found in references [232 -

236]. Some models use non-normal flow rules requiring a plastic potential function 

in addition to a yield surface. Others use elaborated hardening coefficients to 

reproduce the volumetric behavior of unsaturated soils. Some others include fitting 

parameters for hydro-mechanical coupling.  Models based on the modified Cam-

Clay model (MCCM) have been largely used with fair results [30, 164, 237-243]. 

Other approaches have also been used with similar precision, for example, 

hypoplastic ([244, 245]), generalized plasticity [246], hydromechanical energy 

dissipation [247], bonding fabric ([137, 248]), among others. The hydraulic 

behavior is generally included by employing the simple elastoplastic model 

proposed by Wheeler [27]. Others use the van Genuchten [84] or the Fredlund, 

Wilson and Fredlund [249] equations for single or double porosity soils to simulate 

the main wetting and drying curves. Then, with the aid of some analytical 

relationships, wetting-drying cycles can be simulated. 
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Some of the most representative models are those proposed by Russell and Khalili 

[250], Zhou and Sheng [242] and Ma, Wei, Wei and Li [243]. These models are 

reviewed herein. The model by Russell and Khalili [250] uses Bishop’s effective 
stress equation with Bishop’s parameter-dependent solely on suction. This model 

uses the bounding surface concept to generate a smooth transition between elastic 

and elastoplastic behavior. The loading and the bounding surface show the same 

shape and are represented by a logarithmic function with isotropic hardening 

dependent on the volumetric strain. A simple radial mapping rule with the center at 

the origin, is used to define the projection of the state of stresses on the bounding 

surface. Additionally, a non-associated flow rule is used with a plastic potential 

obtained from the integration of a dilation rule. The flow rule is dependent on the 

position of the stress state with respect to the critical state line (CSL) as well as the 

direction of the normal vector of the plastic potential. This feature ensures 

contraction or dilatation when the stress state is located below or above the CSL, 

respectively. The hardening modulus is split into two parts, one for the bounding 

surface and the other dependent on the distance between the loading and the 

bounding surface. This last hardening modulus can be defined arbitrarily provided 

that it becomes null at the bounding surface and uses a parameter that depends on 

the initial conditions. The model includes the effect of particle crushing for the case 

of sands tested at large mean stresses. It also considers the shift of both the CSL 

and the isotropic consolidation line (VCL) due to suction hardening by means of an 

analytical equation written in terms of suction and the volumetric plastic strain of 

the sample. This model requires several fitting parameters and functions such as the 

exponent of the yield surface (1 𝑁⁄ ), an initial state or changing conditions 

parameter km, a function defining energy dissipation kd, a function defining the 

slope of the isotropic compression line dependent on suction 𝜆(𝑠) and a function 

defining the shift of the VCL with suction. In addition, as the plastic potential does 

not cross the mean effective stress axis at a straight angle, deviatoric strains appear 

during isotropic loading.    

 

The model by Zhou and Sheng [242] uses Bishop´s equation and the effective 

degree of saturation takes the value of Bishop’s parameter. Contrary to common 
models where suction is used as the third axis in addition to mean effective stress 

and deviator stress, this model uses the effective degree of saturation as the third 

axis. It employs a bounding and a subloading surface as well as a unified hardening 

parameter in addition to a hydraulic model to build up a coupled hydro-mechanical 

model. It includes a loading collapse yield surface (LCYS) similar in shape to the 

Barcelona Basic Model but written in terms of the effective degree of saturation. 

The compression index also depends on the effective degree of saturation of the 

soil. A common isotropic hardening rule is used for the yield surface. A modified 
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van Genuchten equation, which includes the influence of plastic volume changes 

on the soil-water retention curves (SWRCs), is employed for the hydraulic model. 

Wetting-drying cycles can be simulated using the Sheng and Zhou [215] hydraulic 

model. The initial void ratio is considered a key variable for the behavior of the 

soil. It requires two fitting parameters for hydro-mechanical coupling. The 

phenomena of suction hardening and the shift of the VCL and CSL with suction are 

not included directly in the model. This model requires in total 13 parameters.  

 

The model by Ma, Wei, Wei and Li [243] uses Bishop’s equation and the degree of 
saturation as Bishop’s parameter to compute effective stresses. This model is based 
on the elliptic yield surface of the MCCM and couples hydraulic and mechanical 

behavior. The Feng and Fredlund [251] hydraulic model is used to simulate 

wetting-drying cycles and includes the dependency of the SWRCs on the plastic 

volumetric strains. The constitutive model uses a non-associated flow rule through 

a dilatancy term. The hardening rule considers the effect of volumetric and 

deviatoric plastic strains. The influence of deviatoric plastic strains is included by 

means of a parameter dependent on the degree of saturation and suction. It also 

considers a correction function that accounts for the hardening effect of a non-

saturated material which depends on the current value of several parameters such 

as suction, the degree of saturation, and the plastic volumetric strain of the sample. 

This model does not consider the shift of the VCL or CSL due to suction hardening. 

 

This chapter shows that constitutive models based on the Critical State theory for 

saturated soils can be easily adapted as fully coupled models for unsaturated soils 

when the phenomena of suction hardening, hydraulic hysteresis, and dependency 

of SWRCs on plastic volumetric strains are properly considered. Specifically, this 

chapter shows that the MCCM can properly simulate the behavior of unsaturated 

soils with minor changes. In this way, very simple fully coupled constitutive models 

for soils can be generated with similar precision to other models.  

 

12.2. CRITICAL STATE  

 

One issue that requires reviewing, is the critical state concept for soils tested at 

different suctions. Wheeler and Sivakumar [111] performed a series of triaxial tests 

on samples of unsaturated compacted speswhite kaolin. These samples were 

prepared by static compaction in a mold at 25% water content. The tests were 

conducted in double-walled triaxial cells designed to accurately measure the 

volume change of the samples during the test. In Chapter 6, the compression 

strength of unsaturated samples subjected to different suctions was predicted using 

the concept of effective stress. These simulations showed that a unique failure 
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CHAPTER 13 

Retention Curves in Deforming Soils  

Abstract: During the determination of the main drying curve, the soil is subjected to 

high suctions, which induce important volumetric deformations. These volumetric 

deformations modify the pore size distribution of the sample affecting both the drying 

and the wetting branch of the retention curves. Although most deformation occurs at 

drying, this branch is only slightly affected by soil deformation. In contrast, the 

wetting branch shows important shifting when volume change is considered. A 

porous-solid model based on the grain and pore size distributions of the soil is coupled 

with a mechanical model to simulate the soil-water retention curves while the material 

is deforming. 

Keywords: Soil-water retention curves, Suction, Deforming soils, Macropores, 

Micropores, Coupled models, Effective stresses, Porous models, Hydromechanical 

coupling, Elastoplasticity, Plastic strains, Pore size distribution, Volumetric strains, 

Degree of saturation, Unsaturated soils. 
 

13.1. INTRODUCTION 

 Different models have been proposed to account for the density of soils during the 

determination of the soil-water retention curves (SWRCs). See for example [211, 

213, 214, 262-266], among others. Some of the more representative models are 

reviewed herein. 
  

From a series of experimental results, Tarantino [213] observed that at a high 

suction range, the water ratio (𝑒𝑤 = 𝑉𝑤 𝑉𝑠⁄ ) can be expressed as a power function 

of suction. In addition, the degree of saturation in the van Genuchten equation [84] 

can be written in terms of the water ratio and void ratio (𝑒 = 𝑉𝑣 𝑉𝑠⁄ ). By performing 

some substitutions in these equations, the SWRC can be expressed in terms of the 

void ratio. In addition, with the inclusion of different parameters for the drying and 

wetting curve, the phenomenon of hysteresis can be considered and scanning 

behavior can be modeled. Three parameters are required for each branch, two of 

which are directly obtained from the data of the corresponding retention curve of 

the soil. The third is determined by the best fit with the corresponding curve. 

 
The model developed by Hu et al. [264] also considers the van Genuchten equation 

to simulate the SWRCs. These authors use a logarithmic relationship between the 

mean size of pores with the mean stress. With this relationship, they could assess 

the variation in the mean size of pores through the variation in the void ratio of the 
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soil using a proportional parameter. Therefore, the air entry value for the retention 

curve is written as a function of the current void ratio. Hysteresis is included by 

considering different air entry values for the drying and wetting curves. This 

equation of the SWRC dependent on the void ratio shows similarities to the 

equation proposed by Gallipoli et al. [211]. However, the last relates the air entry 

value to void ratio using an empirical power function, while Hu et al. [264] derive 

their equation from the change in the pore size distribution (PSD). In addition, all 

seven parameters required by Hu’s model, show a clear physical meaning. 
However, two of these parameters are related to the scanning behavior and need to 

be determined from hydro-mechanical scanning, which represents an important 

drawback. A correction factor, similar to that proposed by Fredlund and Xing [53], 

is included for the high suction range of the SWRC. This model requires the 

variation in the void ratio of the sample during wetting-drying cycles to simulate 

the shift of the retention curves in the axis of suction. Wetting-drying cycles are 

simulated following the procedure proposed by Gallipoli [216] who assumes 

similar shapes between the scanning curves and the main curves.  

 

The model by Della Vecchia et al. [265] includes the evolution of the pore size 

distribution of soils during hydro-mechanical loading through the progress of 

parameters of the soil-water retention curves. Double structured soils can be 

considered by introducing the porosity of both the micro and the macrostructure 

and adopting a van Genuchten’s equation for each structural level, resulting in 
bimodal retention curves. These authors have established some relationships 

between the air entry value with the void ratio of the micro and macrostructure. In 

turn, the void ratio of the microstructure is related to the water ratio. As a 

normalized relationship relating the void ratio of the macrostructure with the air 

entry value could not be established, they have proposed a general equation. 

However, this equation requires a previous calibration to define some parameters 

which represents an important disadvantage. This model requires, in total, eight 

parameters for double structured soils. The influence of pore size distribution on 

the retention curves as well as the evolution of water ratio with suction can be fairly 

simulated with this model, which can even simulate the retention curve as the soil 

is deforming.  

 

In a similar way, the model by Gao and Sun [266], simulates the effect of the void 

ratio on the retention curves through the air entry value. These authors use the 

Fredlund and Xing [53] equation to represent the retention curves and write the air 

entry value as a function of the saturated water content (or saturated void ratio) 

through a semilogarithmic relationship requiring two parameters. These parameters 

are determined using the retention curves in terms of both water content and degree 



256    Towards a Unified Soil Mechanics Theory Eduardo Rojas 

of saturation. They include the saturated water content, the residual suction, the 

main slope of the curve, and the value of suction at the inflexion point. The model 

predicts fairly well the shift of the retention curve for different densities of soil. 

 

The main drawback of the above methods is that none of them consider full hydro-

mechanical coupling. When an increment in suction is applied, the soil deforms and 

the SWRC modifies. This in turn, affects the value of the effective stress parameter 

𝜒 used to calculate the next volumetric strain. As Della Vecchia [265] points out, 

the resulting SWRC is not the same when the retention curve is simulated using the 

final PSD. In addition, none of these models includes simultaneously the case for 

double structured soils along with the simulation of scanning curves during wetting-

drying cycles.  

 

In this chapter, the porous-solid model based on the grain size distribution (GSD) 

and current PSD of the soil (Chapter 3), is used to simulate the evolution of 

retention curves while the soil is deforming. This porous-solid model is coupled 

with an effective stress mechanical model to determine the volumetric strains with 

suction. Some numerical and experimental results are compared and some 

conclusions are withdrawn. These results show important differences from 

previously published models. 

 

13.2. PROCEDURE 

 

The porous-solid model can be used advantageously to include hydromechanical 

coupling in constitutive formulations as no additional parameters or fitting 

processes are required. According to the experimental results reported by Simms 

and Yanful [55], only the volume of macropores reduces when soils show plastic 

volumetric strains during compression. Therefore, these plastic volumetric strains 

represent the reduction in the volume of macrocavities as the volume of 

macrobonds is negligible, as stated in Chapter 3. This reduction in the volume of 

macrocavities can be included in the model in three different ways: by a reduction 

in the number of macrocavities, by a reduction in the mean size of macrocavities or 

by a combination of both. The first method has been used in Chapter 11, to simulate 

the evolution of initially known SWRCs when the soil undergoes volumetric 

deformations. In such a case, the relative volume factor for macrocavities was 

related to the plastic volumetric strain of the material. In this chapter, the second 

procedure is adopted. 

 

To that purpose, the whole process of drying and wetting to obtain the SWRCs is 

simulated with a coupled model, resulting in PSDs that adjust better to experimental 
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CHAPTER 14 

Undrained Tests 

Abstract: When undrained triaxial tests are performed, two main phenomena occur. 

First, the compression of the sample produces an increase in the degree of saturation 

and therefore, a reduction in the value of suction. Second, with the reduction in the 

sizes of pores, the retention curves shift on the axis of suction. Thereafter, the 

simulation of undrained triaxial tests requires the correct simulation of the 

hydromechanical coupling phenomenon. A fully coupled constitutive model for 

unsaturated soils is used herein to simulate the behavior of unsaturated soils subjected 

to undrained conditions. The mechanical model is based on the modified Critical State 

model and the effective stress concept. The hydraulic model uses the grain and pore 

size distributions to approximately reproduce the structure of soils. This model is able 

to simulate the soil-water retention curves during wetting-drying cycles. Plastic 

volumetric strains modify the pore size distribution of the soil, which in turn affects 

the retention curves and, therefore, the current effective stress. Some comparisons 

between numerical and experimental results of undrained triaxial tests show the 

adequacy of the model. 

Keywords: Effective stresses, Undrained tests, Constant water tests, Constitutive 

model, Unsaturated soils, Elastoplasticity, Suction stress, Net stress, Yield surface, 

Anisotropic hardening, Preconsolidation stress, Critical state, Suction hardening, 

Triaxial tests, Isotropic compression. 
 
14.1. INTRODUCTION 

 

One of the most representative models to simulate the behavior of unsaturated soils 

under undrained conditions was proposed by Sun et al. [267]. It is based on the 

modified Cam-Clay model and uses some aspects of the Barcelona Basic Model 

(BBM). It considers the strain tensor (𝜀𝑖𝑗) and the degree of saturation (𝑆𝑤) as the 

strain-state variables while suction (𝑠) and Bishop’s effective stress tensor (𝜎𝑖𝑗
′ ) 

represent the stress-state variables. Parameter 𝜒 is equalized to the degree of 

saturation 𝑆𝑤.  The hydraulic model is similar to the one proposed by Wheeler et 

al. [27], except that the air entry and air expulsion values are expressed as a function 

of the void ratio of the sample. In this way, the hydromechanical coupling is 

included in the model. It considers a loading collapse yield surface (LCYS) 

represented by the same equation as proposed by Alonso et al. [7] for the BBM, 

except that it is written in terms of the effective mean stress in the form: 

 



Undrained Tests Towards a Unified Soil Mechanics Theory    271 

𝑝0
′ = 𝑝𝑛

′ (
𝑝0
∗′

𝑝𝑛
′
)

𝜆(0)−𝜅
𝜆(𝑠)−𝜅

 

 

where 𝑝0
′  and 𝑝0

∗′ represent the apparent preconsolidation stress at certain suction 

and the saturated preconsolidation stress, respectively, while 𝑝𝑛
′  is an isotropic 

stress at which no collapse occurs during wetting. 𝜅 is the unloading-reloading 

index while 𝜆(0) and 𝜆(𝑠) represent the compression indexes in saturated and 

unsaturated conditions, respectively. Similar to the BBM, the compression index 

for unsaturated materials 𝜆(𝑠), depends on the compression index of the saturated 

material 𝜆(0) and suction, in the form: 

 

𝜆(𝑠) = 𝜆(0) +
𝜆𝑠 𝑠

(𝑝𝑎𝑡 + 𝑠)
 

 

where 𝜆𝑠 is a soil parameter while 𝑝𝑎𝑡 is the atmospheric pressure. The value 

𝜆(0) + 𝜆𝑠 represents the compression index of the soil when subjected to large 

values of suction. The yield surface 𝑓 is an ellipse similar to the modified Cam-

Clay model given by the equation: 

 

𝑓 = 𝑞2 +𝑀2𝑝′(𝑝′ − 𝑝0
′ ) 

 

The critical state line is represented by the Mohr-Coulomb failure condition 

irrespective of the value of suction. Finally, the hardening of the yield surface is 

included through the saturated preconsolidation stress in the form: 

 

𝑑𝑝0
∗′ =

1 + 𝑒0
𝜆(0) − 𝜅

 𝑝0
∗′ 𝑑𝜀𝑣

𝑝
 

 

where 𝑒0 and 𝑑𝜀𝑣
𝑝
 represent the initial void ratio and the increment of the volumetric 

plastic strain. The model considers the associated flow rule and requires five 

parameters: 𝜆(0), 𝜆𝑠, 𝜅, 𝑝𝑛
′  and 𝑀, while the hydraulic model requires three 

parameters: the slopes of the retention curve before and after the air entry value (𝜅𝑠 
and 𝜆𝑠𝑟, respectively) and the slope of the variation of void ratio with the degree of 

saturation.  

 

The model proposed herein shows some of the characteristics of this model 

although, in addition, it shows the following features which are not included in the 

model above: 
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a. The apparent preconsolidation stress increases twice the value of the suction 

stress during drying due to the phenomenon of suction hardening. 

b. Due to this same phenomenon, the yield surface shows anisotropic hardening. 

c. The yield surface can adopt different shapes. 

d. The position of the critical state point on the yield surface depends on the value 

of the suction stress. 

e. The hydromechanical coupling due to the shift of the retention curves with 

plastic volumetric strains, requires no additional parameters or fitting process. 

 

Features (a) to (d) were explained in Chapter 12 while feature (e) was explained in 

Chapters11 and 13. Undrained tests can be simulated by computing the volumetric 

strain produced by a small increment of load. This volumetric strain generates a 

variation in the degree of saturation of the material which in turn affects the value 

of suction. This change in suction is simulated by the porous-solid model assuming 

that the material follows a wetting or dying path depending if the soil compresses 

or dilates, respectively. The wetting or drying paths depart from the initial condition 

of the sample. This means that initially, a wetting or drying path can follow a 

scanning or a main curve depending on the initial condition of the sample. Finally, 

the change in suction obtained from the variation in the degree of saturation is used 

for the next increment of load. This procedure has been used herein to simulate the 

behavior of two different types of soil as shown below. 

 

According to Tarantino and De Col [167] and Li et al. [268], when soil is 

compacted, its initial state appears close to the main drying curve. If this sample is 

compressed in undrained conditions, it follows a scanning path to reach the primary 

wetting curve. On the contrary, if the sample is unloaded, it follows a scanning path 

to reach the drying branch. In addition, when the soil is wetted before loading, as 

for the two series of tests simulated herein, the material is considered to be already 

placed on the main wetting curve.  

 

14.2. NUMERICAL AND EXPERIMENTAL COMPARISONS 

 

14.2.1. Tests by Jotisankasa et al.  

 

These authors [269] performed triaxial tests on a mixture of 70% silt, 20% kaolin, 

and 10% London clay. These materials were mixed at a water content 1.5 times the 

liquid limit. Then the slurry was dried at 700 C, grounded, and passed through sieve 

No. 40. This material shows a liquid limit of 28%, and plasticity index of 18%. This 

mixture was hydrated to reach a water content of 10.1%, and statically compacted 
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CHAPTER 15 

Compacted Soils 

Abstract: When unsaturated soils are subjected to drained or undrained compression 

tests, they approach the saturated compression line with different slopes. This 

difference in slopes is produced by the amount of collapse of each path. During 

compression, four main phenomena occur in these materials: first, with the reduction 

in volume, the degree of saturation increases; second, with the reduction in the size of 

pores, the soil-water retention curve shifts on the suction axis; third, these two 

phenomena produce an increase in the suction stress and, finally, this increase in 

suction stress produces a certain amount of collapse on the sample. In this chapter, a 

coupled model is employed to simulate the volumetric behavior of compacted soils 

under different stress paths. The comparison between experimental and numerical 

results shows the pertinence of the model. 

Keywords: Compression, static compaction, Collapse upon wetting, Effective 

stresses, Coupled model, Undrained tests, Elastoplasticity, Unsaturated soils, 

Hydromechanical coupling, Retention curves, Suction stress, degree of saturation, 

Preconsolidation stress, Volumetric behavior, Saturated compression line. 
 
15.1. INTRODUCTION 

 

The volumetric behavior of unsaturated soils has been profusely studied in the last 

twenty years, but doubts still subsist on the best way to model this behavior. It is 

well known that the previous stress history and the current stress path greatly 

influence the behavior of soils. Also, phenomena such as suction hardening, 

hysteresis, and hydromechanical coupling affect the behavior of these materials. 

For example, on one hand, soil samples that have been dried from the saturated 

condition show an apparent preconsolidation stress dependent on the maximum 

value of the suction stress applied during drying. When these materials are 

compressed at constant suction (drained tests), they present an initial elastic 

behavior up to the apparent preconsolidation stress. When the preconsolidation 

stress is surpassed, their paths approach, and sometimes cross, the virgin 

consolidation line (VCL) for saturated materials when plotted on the axes of the 

logarithm of the mean net stress vs. void ratio. See for example the experimental 

results reported by Futai and Almeida [130]; Thu et al. [252]; Cunningham et al. 

[150]. When these paths are replotted using the logarithm of the mean effective 

stress, they run quasi-parallel to the VCL as the apparent preconsolidation stress 

appears above this line. These results indicate that the compression index is the 

same for both cases (see Chapter 8). This behavior is indicated as path 1 in Fig. (1).  
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On the other hand, when a soil sample is prepared by compaction of a disaggregated 

mixture of solid particles with water, and this sample is loaded beyond the apparent 

preconsolidation stress under undrained conditions (constant water conditions), it 

shows larger compressibility than a saturated sample. This behavior is presented as 

path 2 in Fig. (1). See, for example, the experimental results by Sivakumar [114], 

Sharma [272], Sivakumar and Wheeler [49], Toll and Ong [156].  

 

The difference in the behavior of these samples lies basically in their previous 

loading history, their current loading path, and their hydraulic behavior. Different 

loading histories produce diverse shapes for the loading-collapse yield surface 

(LCYS) which in turn, affect the volumetric behavior of the soil. In addition, the 

main soil-water retention curves (SWRCs) for each case are different: for the case 

of drained tests, in order to keep suction constant during compression, the soil 

drains a certain amount of water. Instead, in the case of undrained tests, the sample 

maintains the same water content but reduces the value of suction when the degree 

of saturation increases. The combination of these elements generates variations on 

the value of the suction stress which has a fundamental role in the volumetric 

behavior of soils. By making an analogy, it can be said that suction stress for 

unsaturated soils is to pore water pressure for saturated materials. 

 

 

 

 

  

 

 

 

 

 

 
Fig. (1). General paths during drained and undrained compression tests. 

 

Several researchers have studied the volumetric behavior of unsaturated soils 

subjected  to  different  stress paths see for example, Thu et al. [252], Jotisankasa 

VCL 

e . 
Apparent preconsolidation stress 

Log p' 

Undrained loading, path 2 
. 

Dried from saturated,  
drained loading, path 1 

Saturated sample 
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et al. [273], Cui et al. [159], Casini [172], Zhou et al. [274], Mihalache and 

Buscamera [275], Mun and McCartney [146], Lloret et al. [276], Zhang et al. [277], 

Pedroti and Tarantino [278]. Some of the most representative models to simulate 

the volumetric behavior of unsaturated soils are those proposed by Tarantino and 

De Col [167], Zhou et al. [279] and Alonso et al. [221]. These models are discussed 

below. 

 

The model by Tarantino and De Col [167] considers the average skeleton stress 

given by the relationship 𝜎𝑛
𝑣 = 𝜎𝑛 + 𝑠 𝑆𝑟, where 𝜎𝑛 represents the net stress, 𝑠 is 

suction and 𝑆𝑟 the degree of saturation. The SWRCs for a constant void ratio 𝑒, 

were obtained by interpolating the results of compaction tests at different initial 

water contents. Then, the equation for the main wetting curves for different voids 

ratios is proposed according to Gallipoli et al. [28], as 𝑆𝑟 = [
1

1+(𝜙 𝑒𝜓 𝑠)
𝑟]

𝑚

 where 

𝜙, 𝜓, 𝑚 and 𝑟 are fitting parametrs. The void ratio in saturated conditions is 

represented by the equation 𝑒𝑠 = (𝑁 − 1) − 𝜆 ln 𝜎𝑛
𝑣, while for unsaturated 

materials, they propose the following relationship obtained from their experimental 

results 𝑒 = 𝑒𝑠 [1 − 𝑎 (
𝑠∗

𝜎𝑛
𝑣)

𝑏

], where 𝑠∗ = 𝑛 𝑠 is the modified suction,  𝑛 is the 

porosity of the material and 𝑎 and 𝑏 represent two fitting parameters that require 

calibration with experimental results. This in fact, represents an important 

inconvenience for the practical application of the model. This last equation uses the 

values of suction from a SWRC obtained from the interpolation of results of 

samples tested at different water contents. This model correctly simulates the 

behavior of one-dimensional statically compacted samples. In total, the model 

requires 10 parameters, five of which correspond to the retention curve. 

 

The model by Zhou et al. [279] considers that mean effective stress is given by the 

relationship 𝑝′ = 𝑝𝑛 + 𝑠 𝑆𝑒, where 𝑝𝑛 represents the mean net stress. 𝑆𝑒 is the 

effective degree of saturation given by the relationship 𝑆𝑒 =
(𝑆𝑤 − 𝑆𝑤

𝑟 ) (𝑆𝑤
0 − 𝑆𝑤

𝑟 )⁄ , where 𝑆𝑤, 𝑆𝑤
0  and 𝑆𝑤

𝑟   represent the current, the saturated, 

and the residual degree of saturation of the material. These authors also define an 

apparent preconsolidation stress for unsaturated soils using the equation 𝑝0
′ =

(𝑝0
′∗)𝛽, where 𝑝0

′∗ represent the saturated preconsolidation stress and 𝛽 =
(𝜆0 − 𝜅) (𝜆(𝑆𝑒) − 𝜅)⁄  where 𝜆0 and 𝜅 represent the compression indexes for 

loading and unloading in saturated conditions, respectively, while the compression 

index for any degree of saturation is represented by the equation 𝜆(𝑆𝑒) = 𝜆0 −
(1 − 𝑆𝑒)𝛼1(𝜆0 − 𝜆𝑑) where 𝜆𝑑 represents the compression index under the 

condition of residual degree of saturation. If this last parameter is not available, it 
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