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PREFACE

The aim of this monograph is to discuss in detail about the growth properties of
integer translated entire and meromorphic functions on the basis of their (p; q; t) L-
order and (p; q; t) L-type. This book contains six chapters where we step by step
elaborate the topic.

Chapter 1 contains the preliminary definitions and notations. In Chapter 2 and
Chapter 3, we have derived some results related to (p; g; t) L-th order and (p; g; t)
L-th lower order of composite entire and meromorphic functions on the basis of
their integer translation. In Chapter 4, we have established some relations of
integer translated composite entire and meromorphic functions on the basis of their
(p; g; t) L-th type and (p; g; t) L-th weak type. Chapter 5 deals with some results
about (p; q; t) L-th order and (p; q; t) L-th type of composite entire and
meromorphic functions on the basis of their integer translation. Chapter 6 is
focused on some results about (p; g; t) L-th order and (p; q; t) L-th type of
composite entire and meromorphic functions on the basis of their integer
translation.

We are thankful to the authors whose publications help us to develop the results of
this monograph. We think this monograph will be very helpful for future
researchers and students. We are also grateful to Bentham Science Publishers for
giving us the opportunity to publish this monograph.
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CHAPTER 1
Preliminary Definitions and
Notations

Abstract: In this chapter, we discuss the introductory parts connected to the growth of
entire and meromorphic functions and some definitions relating to the growth indicators
such as order, type, generalized order, generalized type, m-th generalized ,L*-order, m-th
generalized ,L*-type, (p, ¢,t)L-th order, (p, ¢,t)L-th type.

Keywords: Entire function, meromorphic function, generalized order, generalized type,
m-th generalized ,L*-order, m-th generalized ,L*-type, (p,q,t)L-th order, (p,q,t)L-th

type.
Mathematics Subject Classification (2020) : 30D30, 30D35.

1.1 Introduction

Let us consider that the reader is familiar with the fundamental results and the standard
notations of Nevanlinna’s theory of meromorphic functions, which are available in [1-3].
We also use the standard notations and definitions of the theory of entire functions, which
are available in [4, 5]. Some related basic theories of entire and meromorphic functions
are briefly discussed in [6, 7], so here we do not repeat those.

Throughout this monograph, we consider that z € [0,00) and k& € N where
N be the sets of positive integers. We define exp®l z = exp(exp[k_l] x) and log[k] T =
log(log[kfl] x). We also denote log[o] T =z, log[fl] z=expz, expl z =z and expl -z =
log x.

1.2 Preliminary Definitions and Notations

Considering above, the following definitions are relevant and have been frequently used
in the monograph.

Tanmay Biswas and Chinmay Biswas
All rights reserved-© 2023 Bentham Science Publishers



2 On Generalized Growth Rates Biswas and Biswas

Definition 1.2.1 The order p(f) and the lower order ) (f) of an entire function f (z)
are defined as

2 "
() = limsup 2L g 3 () = timing 282 S),

oo log r r—+00 log r

For meromorphic f (z),

p(f)=lim SupM and \(f) = hmmfw.

oo ogr r—+00 log r

Next, to compare the growth of entire or meromorphic functions having the same
order, one may give the definitions of type and lower type in the following manner:

Definition 1.2.2 The type o (f) and the lower type @ (f) of an entire function f (z) are
defined as

log M log M

log M(r, /) and 7 (f) = lim inf-28 2\ ) (r, /)

g (f) = lim Sup 'rp(f) r——+00 Tﬂ(f) 7

r—-+00
where 0 < p(f) < 0.
If f (2) is meromorphic, then

LUT)) and 7 (f) = liminfT(T7 /)

o (f) = limsup () o)

r——+00

)

where 0 < p(f) < co.

It is obvious that 0 <7 (f) < o (f) < co.

Likewise, to compare the growth of entire or meromorphic functions having the same
lower order, one may give the definitions of upper weak type and weak type in the following
manner:

Definition 1.2.3 [8] The upper weak type 7 (f) and the weak type T (f) of an entire
function f (2) of finite positive lower order A (f) are defined by

) log M (r, f) _ . dog M (r, f)
7(f) :lﬂfgopiﬂ(ﬂ and 7 (f) :ligﬁgofirk(f) ,
where 0 < X\ (f) < oo.
If f (2) is meromorphic, then
e T ) ey — pining L5 )
7 (f) =limsup=7375= and 7 (f) = lim inf =77,

where 0 < A\ (f) < 0.

It is obvious that 0 <7 (f) < 7 (f) < oc.
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Definition 1.2.4 The hyper order p(f) and the hyper lower order X\ (f) of an entire
function f(z) are defined as

log?® M _ loo® 1/
5(f) = timsup L) X () = timineE L)
r—-+400 log r r—4o00 log r
When f (z) is meromorphic, then
2] B 2]
5(f) = timsup LS X () = tming e L F)
r—-+00 IOgT P00 IOgT

holds.
The following two definitions are the natural consequences of the above study:

Definition 1.2.5 The hyper type o (f) and the hyper lower type o (f) of an entire func-
tion f (z) are defined as

2 ~ 2
710g M{(r,f) and 7 (f) = lim inflog M, )

o (f) = limsup 70 P D B

r—+00

where 0 < p(f) < oco.
If f () is meromorphic, then

e log T (r, f) ~ o v JogT (r, f)
7 () = limeup==55 = and 7 (f) = m inf =

where 0 < 7 (f) < oco.
It is obvious that 0 < 7 (f) <& (f) < oo.

Definition 1.2.6 The hyper upper weak type 7 (f) and the hyper weak type %( f) of an
entire function f (z) of finite positive hyper lower order \(f) are defined by

log® M ~ log® M
(/) = hﬂﬁgopw and 7 (f) = lim &fw,

where 0 < X (f) < o0.
If f (%) is meromorphic, then

S0Py 1 logT (r,f) =, . logT(r[)
P = limsup== 55 and 7 () = lim = 55

where 0 < A\ (f) < oc.

It is obvious that 0 < 7 (f) < 7 (f) < oc.
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CHAPTER 2

(p, q,t)L-th Order Oriented Some
Growth Analysis of Composite
Entire and Meromorphic Functions
on the Basis of Their Integer
Translation

Abstract: The main objective of this chapter is to investigate some results related to the
growth rates of the composition of integer translated entire and meromorphic functions
using (p, ¢, t) L-th order and (p, ¢, t) L-th lower order.

Keywords: Integer translated entire function, Integer translated meromorphic function,
composition, (p, q,t)L-th order, (p, q,t)L-th lower order.
Mathematics Subject Classification (2020) : 30D30, 30D35.

2.1 Introduction

Let f(z) be a meromorphic function and n € N, then the translation of f(z) be
denoted by f(z 4 n). For each n € N, one may obtain a function with some properties.
Let us consider this family by f,(z) where

fulz2) ={f(z+n) :neN}.

We recall that if « is a regular point of an analytic function f(z) and if f(«) =0,
then « is called a zero of f(z). The point z = « is called a zero of f(z) of multiplicity
m (m being a positive integer) if in some neighborhood of «, f(z) can be expanded in a

Taylor’s series of the form f(z) = Zan(z — a)" where a,, = 0.

It is clear that the number of zeros of f(z) may be changed in a finite region

Tanmay Biswas and Chinmay Biswas
All rights reserved-© 2023 Bentham Science Publishers



Entire and Meromorphic Functions On Generalized Growth Rates 17

after translation but it remains unaltered in the open complex plane C, i.e.,

N(r, f(z+n)) = N(r, f) + en, (2.1.1)
where e,, is a residue term such that e¢,, — 0 as r — +o0.
Also
27
1 .
mir, e+ ) = 5 [[1og" | F(re” 4 m)| a9
T

0
ie.,m(r, f(z+n)) =m(r, f) +e,, (2.1.2)

where e, (may be distinct from e, ) be such that ¢, — 0 as r — +oo.
Therefore from (2.1.1) and (2.1.2), one may obtain that

N(r, f(z+n)) +m(r, f(z+n)) = N(r, f) + en + m(r, f) + €,
e, T(r, f(z4+n) =T(r, )+ en+e,.

Now if n varies, then Nevanlinna’s Characteristic function for the family f,(z),
where f,,(z) = {f(z +n) : n € N} for the meromorphic function f is

T(r, fa) =nT(r, )+ Y (en+e,). (2.1.3)

Similarly, one can define a family for each m € N, g,,(2) = {g(z +m) : m € N}
where ¢(z) is an entire function. Then the composition f,, o g,, is defined.
Let f,0g,, = hy, where h is a meromorphic function and ¢ € N. So h; can be expressed
as hy = {h(z+1t):t € N}.
Then by (2.1.3)

T(r,hy) =tT(r,h) + > (e +€;)
t
where e, ¢, — 0 as r — +o0.
ie, T(r, fnogm) =tT(r, f(g)) + Y (e +¢;). (2.1.4)
t

However, in the case of any two meromorphic functions f (z) and g (z), the ratio
;E’;’gf g as r — +oo is called as the growth of f (z) with respect to g (z) in terms of their
Nevanlinna’s Characteristic functions. Further, the concept of the growth measuring tools
such as order and lower order which are conventional in complex analysis and the growth
of entire or meromorphic functions can be studied in terms of their orders and lower
orders.

Somasundaram and Thamizharasi [1] introduced the notions of L-order and L-
lower order for entire functions where L = L (r) is a positive continuous function increasing
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slowly, i.e., L(ar) ~ L(r) as r — +oo for every positive constant “a”. The more gen-
eralized concepts of L-order and L-lower order of meromorphic functions are (p, ¢, t) L-th
order and (p, ¢, t) L-th lower order respectively.

The principal objective of this chapter is to investigate some results related to the
growth rates of the composition of integer translated entire and meromorphic functions
using (p, ¢, t)L-th order and (p, ¢, t) L-th lower order of entire and meromorphic functions.

2.2 Lemmas

In this section, we present some lemmas which will be needed in the sequel.

Lemma 2.2.1 2] Let f (z) be a meromorphic function. If f,(2) = f(z+n) forn € N

then
g
=0 T(r, f)

Lemma 2.2.2 Let f (2) be a meromorphic function. If f, (2) = f(z +n) forn € N then

p(p,q,t)L (fn) = p(p,q,t)L (f) and APt L (fn) = A\(Pat)L ( f).

Proof By Lemma 2.2.1 lim g T(rfn) oyists and is equal to 1.

r——+00 10g[p] T(r,f)
Now,

log” T(r, f,
p(p,q,t)L (fn) — lim sup 0og (Ta .f )
r—+oo logllr + expl L (r)

log[p] T(r, f) 1og[p] T(r, f,)
logl? r 4+ expltl L (r) log!”! T(r, f)
. log[p] T(r, f) . log[”] T(r, f.)
= limsup . lim
r——+oo log[‘” r—+ exp[t] L (7’) r—-+o0 log[P] T(T’, f)
— p(p,q»t)L (f)-1
— p(P»Q»t)L (f).

In a similar manner, A9 (f,) = \PaOL(f)
This proves the lemma.

= lim sup
r—-+00

2.3 Main Results

In this section, we present the main results of the chapter.

Theorem 2.3.1 Let f (z) be a meromorphic function and g (z) be a non constant entire
function such that 0 < A™4DL(f(g)) < pmatL (f(g)) < +oo and 0 < ALGOE(f) <
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CHAPTER 3

(p, q,t)L-th Order Based Some
Further Results of Integer
Translated Composite Entire and
Meromorphic Functions

Abstract: The main purpose of this chapter is to investigate some results related to the
growth rates of the composition of integer translated entire and meromorphic functions
using (p, ¢, t) L-th order and (p, ¢,t)L-th lower order under certain different conditions.

Keywords: Growth, Entire function, meromorphic function, Slowly increasing function,
Composition, (p, ¢, t)L-th order, (p, q,t)L-th lower order, integer translation.
Mathematics Subject Classification (2020): 30D30, 30D35.

3.1 Introduction

Let C be the set of all finite complex numbers and f (2) be a meromorphic function
defined on C. Somasundaram and Thamizharasi [1] introduced the notions of L-order
and L-lower order for entire functions where L = L (r) is a positive continuous function
increasing slowly, i.e., L (ar) ~ L(r) as r — +oo for every positive constant “a”. The
more generalized concept of L-order and L-lower order of meromorphic functions are
(p, q,t)L-th order and (p, ¢,t)L-th lower order, respectively. In the chapter, we establish
some new results depending on the comparative growth properties of the composition of
integer translated entire and meromorphic functions using (p, q,t) L-th order and (p, ¢, t) L-
th lower order of entire and meromorphic functions under some what different conditions.

3.2 Main Results

In this section we present the main results of the chapter.

Tanmay Biswas and Chinmay Biswas
All rights reserved-© 2023 Bentham Science Publishers
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Theorem 3.2.1 Let f (z) be a meromorphic function and g (z) be a non constant entire
function such that 0 < XGOL(f(g)) < pma (f(g)) < oo and 0 < NLaE(f) <
pbaOL () < 0o, Also let f, and g, be integer translations of f (z) and g (2), respectively,

foru,v € N. Ifexp L (r) =0 {logm T (r, fu)} as r — +oo then

Am.at)L log™ T A(mat)L
; tL(f(g)) S hmlnf l Og (T, fu(g'U)) S ; tL(f(g))
pbatL (f) P —+00 log[] T (r, f.) + expld L (r) AGGL (f)
log™ T (m,q,t)L
< limsup— og"™ T'(r, fu(g)) <P - L(f(g))'
r—-+00 log” T (r, fu) + explt L (r) AGGOL (f)

Proof From Definition 1.2.22 and in view of Lemma 2.2.2, we have for all sufficiently
large positive numbers of r that

log[m] T (r, fulgo)) > ()‘(mqi)L(fu(gv)) - 8) (log[Q] r+ eXp[t] L (T)>

i.e., log[m] T (r, fulge)) > (A(m’q’t)L (flg) — 5) (log[q] r+ expl! L (7")) , (3.2.1)

logm T(r, fu) > ()\(l’q’t)L(fu) — 6) (log[q] r+ exp[t] L (r))
i, loglh T (r, f,) > (AETOE (f) —¢) (1og[q} 7+ expl! L (r)) : (3.2.2)
IOg[m] T (Tv fu(gﬂ)) < (p(mﬂ’t)L(fu(gv)) + 5) (log[‘l] T+ eXP[t] L (T))

i.e., log™ T (r, fu(gs)) < (p(m’q’t)L (f(9) +¢) <log[q] r+expt L (r)) (3.2.3)

and
log! T'(r, ) < (p“*"%(£,) + <) (10g" r + expl’l L (1))

ie., log! T (r, f,) < (p(l’q’t)L (f)+¢) <log[‘ﬂ r+expl L (7")) . (3.2.4)
Also for a sequence of positive numbers of r tending to infinity

log"™ 7 (r, ful(g,)) < (™90, (90) + ) (log r + exp L (1))

ie, log™ T (r, fu(g,)) < (AT™IDE(f(g)) +¢) <log[q} r+expl L (7“)) : (3.2.5)

logm T(r, fu) < ()\(l’q’t)L(fu) + 5) (log[q] r+ exp[t] L (r))

ie., log T (r, f,) < (NEOOE (f) 4 ¢) (log[q] r+expt L (r)) , (3.2.6)
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log™ T (1, fu(g2) = (9™ (ful9.)) — £) (log™ r + expl” L (1))
ive., 10g" T (1, fulgn)) = (4 (f(9)) — ) (108" 7 +exp L(r))  (3:27)
and
log! 7 (7, £,) > (p"19%(£,) — £) (log 7 + expl! L (1))
ie., g T (r, f,) > (p(l’q’t)L (f)—¢) (log[q] r + expl! L (r)) : (3.2.8)
Now from (3.2.4) we get for all sufficiently large positive numbers of r that

log!" T (r, f.)
(pLadL (f) +¢)

Now from (3.2.1) and (3.2.9) , it follows for all sufficiently large positive numbers of r

< log”r + exp L (r). (3.2.9)

. (a2 (5(g)) — o
N - . m,q,t g)) —¢ N 0 .
1 g T( afu(gv)) > (p(lyqyt)L (f)+€) 1 g T( 7fu)
e 08" T fulg) A (f(g) ~ <) log" 7 (1 £.)

(PLeIE(f)+e)  log T (r, f,) + expld L (r)
og™ T (r, fulg)) _("9"+e)

log T (r, fu) +expll L(r) 14 SO

" log! T (r, f,) + expl) L (r)

1.€.

Since expl L (r) = o {log[l] T (r, fu)} as r — +00, it follows from above that

Jogl™ T A(mad)L _
hm lnf ; Og (r7 f’u(g’u)) 2 ( — L(f(Q)) E) (3210)
r—teo logl T (r, f,) 4 expl L (r) (padl (f) + )
As € (> 0) is arbitrary, we get from (3.2.10) that
[m] (m.q.t)L

=+ log' T'(r, f,) +expld L (r) —  pLoD (f)

Again from (3.2.2), we obtain for all sufficiently large positive numbers of r that

log"! T (r, f.)
(AEaDL (f) —¢)

From (3.2.5) and (3.2.12), it follows for a sequence of positive numbers of 7 tending
to infinity that

> log!?r + exp L (r). (3.2.12)

log™ T (7, fu(g.)) <

)5) 10" T (r, £.)
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CHAPTER 4

(p,q,t)L-th Type and (p, q,t)L-th
Weak Type Based Some Growth
Properties of Composite Entire and
Meromorphic Functions on the Basis
of Their Integer Translation

Abstract: The main objective of this chapter is to investigate some results related to the
growth rates of the composition of integer translated entire and meromorphic functions
using (p, q,t) L-th type and (p, ¢, t) L-th weak type.

Keywords: Entire function, meromorphic function, (p, ¢, t)L-th type, (p,q,t)L-th weak
type, integer translation.
Mathematics Subject Classification (2020): 30D30, 30D35.

4.1 Introduction

Let C be the set of all finite complex numbers and f (z) be a meromorphic function
defined on C. Somasundaram and Thamizharasi [1] introduced the notions of L-order
and L-lower order for entire functions where L = L (r) is a positive continuous function
increasing slowly, i.e., L (ar) ~ L(r) as r — 400 for every positive constant “a”. The
more generalized concept of L-order and L-lower order of meromorphic functions are
(p,q,t)L-th order and (p,q,t)L-th lower order, respectively. In order to compare the
growth of entire or meromorphic functions having the same (p, ¢, ¢) L-th order or (p, q,t)L-
th lower order, one may give the definitions of (p,q,t)L-th type and (p,q,t)L-th weak
type of entire or meromorphic functions. In this chapter, we establish some new results
depending on the comparative growth properties of composition of the integer translated
entire and meromorphic functions using (p, ¢,t)L-th type and (p, ¢,t)L-th weak type of
entire and meromorphic functions.
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4.2 Lemmas

In this section, we present some lemmas which will be needed in the sequel.
Lemma 4.2.1 [2] Let f (z) be a meromorphic function. If f,(z) = f(z +n) forn € N

then
im T(T7 fTL) —
r—+oo T'(7, f)

Lemma 4.2.2 Let f (z) be a meromorphic function. If f, (z) = f(z+n) forn € N then
we gL () for p1

(@) o™ (f,) =
o@atL (f) forp>1
and
ne gL (f) for p=1
(it) aPIE(f,) =

FPaDL (f) forp>1.
Proof By Lemma 4.2.1 and Lemma 2.2.2, we get that
T (7, fn
0—(17‘135)[‘ (fw) = lim sup ( f ) p(LaL(f,)
r—+400 |:10g[q71] 7 explttll L (T)]
. T(rafn) . T(r7f)
= TES_HDOW -lim sup p(LaL(f)

r—+00 [log[qﬂ] - explttl) L (7“)]
=n. ghedl (f).

. . . loglP—1] T(r,fn)
Also for p > 1, in view of Lemma 4.2.1, TETooilog“”” T f)

fore in view of Lemma 2.2.2 we obtain that

log? T (r, f,)
} p#OL(fr)

exists and is equal to 1. There-

gPatl (fn) = limsup
r—+00 [log[Q—l] r - explt+i L (1)

logP~1T -
= lim og—(r,f) - lim sup

r—too logP T (r, f)  rotoo {1og[‘1‘” r-explttil L (r)

log? T (r, )

} L (f)

— gPat)l (f).
In a similar manner,

gL (£) = gL () for p =1

and 50" (f,) = 549" (f) otherwise,

Thus the lemma follows.
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Lemma 4.2.3 Let f (z) be a meromorphic function. If f,, (2) = f(z+n) forn € N then

n. r®@OL () for p=1

(i) 7O (f,) =
TPaL (f) forp>1

and
ne 70O (f) for p=1

(i) TPOE(f,) =
F(P.gt) L (f) forp>1.

The proof of Lemma 4.2.3 is omitted as it can easily be carried out in the line of
Lemma 4.2.2.

4.3 Main Results

In this section, we present the main results of the chapter.

Theorem 4.3.1 Let f (z) be a meromorphic function and g (z) be a non constant entire
function such that 0 < 7™4DL (f(g)) < amaDL (f(g)) < 00, 0 < FHIIE () < glaDL (f)
< 00, pmadL (f(g)) = pbal (f). Also let f, and g, be integer translations of f () and
g (2), respectively, for u,v € N. If f,(9,) = hi, where h is a meromorphic function and
t € N, then

t- g0k (f(g))

T fulg) _ te 79" (1())

wotant () < M T S St ()
i I <
and
"t <D < T
a8 <

form>1andl>1.

Proof By the procedure of establishing (2.1.4) we can express

T(r, fu(g.)) = (T(r. f(9) + 3 (et +¢€)).

’
where ¢;,e, — 0 as r — +o0o. Therefore
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CHAPTER 5

(p, q,t)L-th Order and (p,q,t)L-th
Type Based Some Growth Rates of
Integer Translated Composite Entire
and Meromorphic Functions

Abstract: In this chapter, we establish some new results depending on the comparative
growth properties of the composition of integer translated entire and meromorphic func-
tions using (p, ¢,t) L-th order and (p, ¢, t) L-th type.

Keywords: Growth rates, Integer translated entire function, Integer translated mero-
morphic function, (p, q,t)L-th order, (p, ¢,t)L-th type.
Mathematics Subject Classification (2020) : 30D30, 30D35.

5.1 Introduction

We denote by C the set of all finite complex numbers. Let f (z) be an entire function
defined on C. The maximum modulus function corresponding to entire f (z) is defined
as M (r, f) = max{|f (2)|:|z| =r}. When f(z) is meromorphic, M (r, f) can not be
defined as f (z) is not analytic. In this case, one may define another function 7' (r, f),
known as Nevanlinna’s Characteristic function of f (z) , playing the same role as maximum
modulus function in the following manner:

T(r,f) =N f)+m(r[),

where the function N (r, f) and m (r, f) are, respectively, the enumerative function and
the proximity function corresponding to f (z). For further details, one may see [1]. If
f (2) is an entire function, then Nevanlinna’s Characteristic 7' (r, f) of f (z) reduces to

m (r, f)-
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Lakshminarasimhan [2] introduced the idea of the functions of the L-bounded
index. Later Lahiri and Bhattacharjee [3] worked on the entire functions of the L-bounded
index and of non uniform L-bounded index. In this chapter, we establish some new results
depending on the comparative growth properties of the composition of integer translated
entire and meromorphic functions using (p, ¢, t) L-th order and (p, ¢,t)L-th type. Indeed
some works in this direction have also been explored in [4-6].

5.2 Lemma

In this section, we present some lemmas which will be needed in the sequel.

Lemma 5.2.1 [7] If f(z) is meromorphic and g (z) is entire, then for all sufficiently
large values of r,

T (r, f(g) < {1+ 0(1)} MT(M (r.9).1).

5.3 Main Results

In this section, we present the main results of the chapter.

Theorem 5.3.1 Let f (z) be a meromorphic function and g (z) be a non constant entire
function such that pm™DE(g) < AXPGOL(f) < p@aDE(F) < +o0 where ¢ > m. Also let f,
and g, be integer translations of f (z) and g (z), respectively, for u,v € N. Then

- log” T(r, f.(g.))
= 10" 11, £,)

Y

when for some o < A\POOL(f),
explt L(M (r,g)) = O{exp[m*”[(log[qﬂ] r) explt+!] L(r)]®} as 1 — +oo.

Proof Let f, o g, = hy, where is a meromorphic function and ¢ € N. So h; can be

expressed as
hi ={(#+1t):t € N}.

Then by (2.1.3) we obtain

T(r,h) =tT(r,h) + > (e +ey),

!
where ¢;, e, — 0 as r — 400,

ie T(r, fuog) =tT(r.fog)+ Y (er+ey). (5.3.1)
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Now in view of Lemma 5.2.1, (5.3.1) and the inequality T(r, g) < log M (r, g) {cf. [5] } we
get for all sufficiently large values of r that

log? T(r, fu(gn)) <
(p®TOE(f) + ) log M (r, g) +expl L(M (r,9))] +O(1)  (5.3.2)
i.e., log? T(r, fu(g0)) < (pPPEOE(f) + &)[log™ M (r, g) + exp L(M (r, g))] + O(1)
o 10g" T(r, fu(gs) < (pPHIE(f) +e) x
lexpl™ H[(log™ Y 7) explt ™ L(r)] """ @+ 4 expld L(M (r, g))] + O(1).  (5.3.3)
Also in view of Lemma 2.2.2, we obtain for all sufficiently large values of r that
log?™ T(r, f.) > exp™ [(logl™ r) expltt L(7)] A" ()=o)

i.e., ogP™™ T(r, f,) > exp™ Y[(loglt=! r) expl* L(r)](’\(p'q’m(f)*g). (5.3.4)
Now from (5.3.3) and (5.3.4) we get for all sufficiently large values of r that

log” T(r, fu(9.)) _
log?” ™ T(r, f,) ~

(F745(f) + espl™ [ Qog? ! ) exple) L(r)] 9129
expl=1](log 1) expieH1) L{r)] 00
expl L(M (r,9))] + O(1)
explm=U[(logl = ) explt+1] L (1) | A0 (f)=e)”
Since pmmDE(g) < NP4OE( ) we can choose £(> 0) in such a way that
pmmL(g) e < APODE(f) — ¢, (5.3.6)

Now let for some av < APGOE(f),
expl!l L(M (r,g)) = ofexp™[(log!"~ r) explt 1l L(r)}*} as 7 — +oc.
Asa < )\(p’q’t)L(f) we can choose £(> 0) in such a way that

o< APaDL(f) ¢ (5.3.7)

Since expl! L(M (r,g)) = ofexp™ [(logl" Y r)expl+ U L(r)]*} as r — 400 we get on
using (5.3.7) that

i.e

(5.3.5)

exp!’ L(JV (r.9))
expl™=1[(log"~ ! 7) exple+1] L(r)]®
expl! L(M (r, g))
" expl T {log" ) expltt 1 L))
Now in view of (5.3.5), (5.3.6) and (5.3.8) we obtain that

log" T(r, fu(g.) _
r=tee log" " T(r, f,)

—0asr — 400

— 0 as r — +oo. (5.3.8)

i.e.

Thus the theorem follows.
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CHAPTER 6

Some Growth Properties of Integer
Translated Composite Entire and

Meromorphic Functions on the Basis
of (p,q,t)L-th Order and (p, q,t)L-th

Type

fancyhead

Abstract: In this chapter, we establish some new results depending on the
comparative growth properties of the composition of integer translated entire and mero-
morphic functions using (p, ¢, t) L-th order and (p, ¢, t) L-th type.

Keywords: Integer translated entire function, Integer translated meromorphic function,
(p, q,t)L-th order, (p, q,t)L-th type.
Mathematics Subject Classification (2020) : 30D30, 30D35.

6.1 Introduction

Lakshminarasimhan [1] introduced the idea of the functions of the L-bounded index.
Later Lahiri and Bhattacharjee [2] worked on the entire functions of the L-bounded index
and of the non uniform L-bounded index. In this Chapter we establish some new results
depending on the comparative growth properties of composition of integer translated
entire or meromorphic functions using (p, ¢, t) L-th order, (p, ¢, t)L-th type and (p, q,t)L-
th weak type.

6.2 Lemmas
In this section, we present some lemmas which will be needed in the sequel.
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Lemma 6.2.1 [3] If f(z) be meromorphic and g (z) be entire then for all sufficiently
large values of r,

T(r,9)

mT(M(ﬁg),f)-

T(r, f(g)) <{1+0(1)}

6.3 Main Results

In this section, we present the main results of the chapter.

Theorem 6.3.1 Let f (z) be a meromorphic function and g (z) be a non constant entire
function such that p®eOE(f) = pmndl(g) 0 < o™ (g) < 400 and TPEIE(f) > 0
where m — 1 =n = q and p > 2. Also let f, and g, be integer translations of f (z) and
g (2), respectively, for u,v € N. Then

log” T(r, fu(g0))
lim sup 1
r——400 lOg[p T(7"7 fu) + eXP[t] L(M (T, g))

(p,q,t)L 0.(777,,n,t)L . _
e i expl L(M (1, g)) = o{log? ! T(r, £.)}

<
pPatL(f) if logPUT(r, f,) = o{expl L(M (r,g))}.

Proof Let f, o g, = hs, where is a meromorphic function and ¢ € N. So h; can be

expressed as
hi ={(#+1t):t € N}.

Then by (2.1.3) we obtain

T(r h) =tT(r,h) + > (e +€y),

’
where e;, e, — 0 as r — 400,

i, T(r, fuogs) =tT(r,fog)+ Y (er+e). (6.3.1)

Now in view of Lemma 6.2.1 and the inequality T'(r,g) < log M(r,g) {cf. [4] } we get
from (6.3.1) for all sufficiently large values of r

, 1ogP T(r, f.(9,)) < log® Tp(M (r, ) + O(1) (6.3.2)

i.e., log[p] T(7"7 fu(gv))

i.€.

—
b/\

WOL(f) + €)[log' M (r, g) + exp® L(M (r, 9))] + O(1)
ie., log” T(r, fu(g,)) < (P(”t)L(f) +&)[log™ M M (r, g) + exp!! L(M (r, 9))] + O(1)
ice., og” T(r, fu(gs)) < (PP (f) +¢) -
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(00 (g) + &) log" ™ 7 - explH L(r)*" " 4 explt L(M (1. 9))] + O(D).
Since p(p””)L (f) = pmmDL(g), we obtain from above for all sufficiently large values of r
ice., 1og” T(r, fu(g.)) < (pP49E(f) +e) -

(0% (g) + ) [log" M 7 expl U L (1)) D) expl!l L(M (7, 9))] + O(1).  (6.3.3)
Again in view of Lemma 2.2.2, Lemma 4.2.2, we get for all sufficiently large values of r,
log” T (r, f,) > (@P90H(f,) = &) log™" 7 - explt ™ L))"
ie., logPIT(r, f,) > @POE(f) — €)[logh Yy - expl ) L(p) ")

[p—1]
I eXp[tH]L( )]p(p‘w)L(f) < (10%)“)L(TJ§;”7 fU))
o\Pd —€

-1
=11, . e lt41] [ (1P e0R () < 1087 T fu)
e., [log" r-exp™H L(r)] < Gy — o)’ (6.3.4)

Now from (6.3.3) and (6.3.4) it follows for all sufficiently large values of r
log” T(r, fu(g0) < (04O (f) +e) - expl! L(M (r, 9)) + O(1) +

p,q;t m,n,t log[p_l] T(T’, fu)
(pPTOE(F) + ) (@™ (g) + €) - (GaE(F) — )

. [log*™

ie log' T'(r, fulgo)) < o(1)
" log?P N T(r, f,) + expld L(M (r,g)) ~ log? U T(r, f,) + expl!) L(M (r, g))
(0 t>L< ) (o™ (g) o)
L (pPrOE(f) +€) GRS (6.3.5)
1 1og[p 1] T(T fu) 1 + exp[t] L(M(Tg)) e
explt] L(M(r,g)) log —1] T(r,fu)
If expl!! L(M (r, g)) = o{log? "' T'(r, f,)} then from (6.3.5) we get
s 18" Tl o) _ (PPVH) ) (00 g) + )
retoo log? U T(r, f,) + expld L(M (r,g)) ~ (TP (f) — )
Since ¢(> 0) is arbitrary, it follows from above
1 [p] T (o (pg:t)L (m,n,t)L
lsn sup—— og” T(r, fu(gy)) < p 7(f)tUL (9)
retoo logP N T(r, f,) + expltl L(M (r, g)) gD (f)

Again if log? " T'(r, f,) = ofexpl? L(M (r,g))} then from (6.3.5) it follows
log” T(r, f.,(g,
lim sup— %8 T(r, fulgv))
r—too log? U T(r, f,) + expld L(M (r,g))
As ¢(> 0) is arbitrary, we obtain from above
]‘ u v
lmn sup—— og” T(r, fu(9.))
r—voo log" U T(r, f,) + expl!l L(M (r, 9))
Thus the theorem is established.

< (pPE(f) +e).

< prani(p).
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