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FOREWORD 

 

The authors have written this book based on their research in computational fluid 

mechanics (CFD), specifically on transient fluids. The mathematical formulation 

of the physical phenomena occurring in fluid pipes, the use of the method of 

characteristics (MOC) as a tool to solve the governing equations of the numerical 

models and the coding strategy of these numerical models into a CFD tool are 

three difficult but essential steps for any fluid mechanics’ research study. These 
steps are well presented and detailed in this book. 

The book is written in simple English and the Mathematical and Numerical 

formulations of the physical problems are reasonably explained. The numerical 

code algorithms are detailed in appendices. In brief, the book provides a simple 

one-dimensional method to predict what happens exactly in a fulfilled straight pipe 

when water hammer and cavitation phenomena occur therein. Finally, this book 

will surely help readers to develop their modelling skills in fluid mechanics. 

 

  

Hab. Eng. Ridha ENNETTA  

Mechanical Engineering 

University of Gabes  

Tunisia 

Africa 
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PREFACE 

Hydraulic transients also referred to as fluid transients or water hammer usually 

cause leakage and rupture of pipelines. Since pressure rises are responsible of 

these accidents, engineers, and researchers are always trying to predict the 

pressure history in given hydraulic plants. This purpose requires in fact accurate 

modelling and calculation. Perhaps, readers who are interested in fluid mechanics 

have met at least one complicated situation revealing water hammer. Indeed, this 

phenomenon is not simply solved; partial differential equations are present, where 

the continuity equation and the equation of motion are used. Moreover, water 

hammer results in transient cavitation (vaporous cavitation and gaseous 

cavitation), which is a combination of thermodynamic and hydraulic phenomena. 

Transient cavitation is destructive for hydraulic plants. The entire content of this 

book is a mathematical and numerical study  of  transient cavitation in pipelines. 

The  emphasis  is  made  on   coupled  modelling and its numerical calculation. 

During several years of research, the author has focused on the accuracy of the 

numerical result. Different models, methods and assumptions are tested in order to 

be close to the experimental result. These are detailed in the present book. The 

simulation of vaporous cavitation and gaseous cavitation by use of coupled 

modelling is attempted to be useful. The improvement of the numerical simulation 

leads to the improvement of the design of pipes in hydraulic engineering. Two 

types of pipelines will be considered: the quasi-rigid elastic pipelines (metal and 

concrete) and the VE pipelines (polyethylene). Experimental results from the 

literature is used to validate the proposed models. The first chapter which is a 

review of the literature describes the main previous works on fluid transient in 

pipelines. The mathematical formulations of water hammer and cavitation are 

detailed in the second chapter. The mathematical modelling detailed concerns 

water  hammer  and  cavitation. The  numerical   resolution  of the various models 

using  the  MOC  is   presented   in   the  third  and  the  fourth  chapters. Chapter 3  
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describes the numerical resolution proposed for the water hammer models, while 

the numerical modelling of transient cavitation is the subject of the fourth chapter. 

The results of the numerical simulation of water hammer and cavitation in elastic 

pipelines are introduced and discussed in the fifth chapter where the WSA scheme 

is highlighted. The final chapter is reserved for the simulation of water hammer 

and cavitation in VE pipeline. 

Abdelaziz Ghodhbani 

National Engineering School of Sfax  

University of Sfax 

Tunisia, Africa 
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University of Sfax 
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National Engineering School of sfax 

University of Sfax 
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Sami Elaoud 

National Engineering School of sfax 

University of Sfax 
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INTRODUCTION 

Hydraulic networks, such as water supply systems, irrigation networks, 

hydropower stations, nuclear power plants, petroleum plants and cooling systems 

in thermal power plants are usually affected by strong pressure variation due to 

hydraulic transients. This is a spectacular form of unsteady flow in liquid-filled 

pipe systems usually referred to as “water hammer”. This phenomenon is mostly 
due to the sudden closing and opening of valves, starting, and stopping (or failure) 

pumps and turbines. The kinematic energy of the liquid transforms to a pressure 

energy following the accident. The large transient pressure variations resulting 

from the water hammer may damage the pipe systems and their components 

(junctions, valves, elbows, pumps, etc.). Water hammer can also lead to severe low 

pressures usually resulting in distributed cavitation or localized column 

separation. The condensation of vapour in case of vaporous cavitation or the 

dissolving of gas in case of gaseous cavitation involves strong collapses and 

subsequently hight pressure surges. Noting that the concept of “water hammer” 
refers to “transient without cavitation” while “transient cavitation” is a special 
case of fluid transient.  

Cavitation is known in hydraulic engineering as the most dangerous accident for 

pumps, turbines, and pipelines. Prevention should be taken at critical points to 

avoid damage and leakage. The simplest is to minimize the flow velocity by 

making a wise choice of diameter. Also, prevention can be done by extending the 

closing times of automated or motorized valves by means of springs, dampers or 

magnetic brakes and the stopping time of the pumps using the flywheels. The use 

of anti-ram chambers with compressed air mattresses can be as effective. Another 

technique is to add an equilibrium chimney to the pipes of high calibre supply. 

The location of critical points as well as the choice and the dimensioning of 

protective components require preliminary study and rigorous numerical 

simulation. To achieve this, mathematical modelling is necessary. All physical 

and dynamic parameters affecting the water hammer are taken into account: densities, 

modulus of compressibility of the fluid, modulus of elasticity of the pipe, initial 

flow velocity, initial pressure, etc. The mechanical behaviour of the pipe, whether 

elastic quasi-rigid (metals and concretes) or viscoelastic (like PVC), is also 

considered. The steady state defines the initial conditions of the problem whereas 

the physical boundary conditions of the hydraulic system are introduced into the 

model. In addition, fluid-structure interaction (FSI) should be considered because 

of the existence of three dynamic coupling modes namely: (i) fluid-wall friction 

(friction coupling), (ii) pipe expansion and contraction (Poisson coupling) and the 
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inertia force of the pipe and components (junction coupling). If FSI is ignored, the 

calculations provide only two fluid variables namely the pressure "p" (or 

piezometric head "H") and the velocity "V" (or discharge "Q"). If FSI is 

considered, then several structural responses can be obtained besides the above 

fluid characteristics, such as the displacement, the pipe velocity, stresses, and 

strains.  

There are two mathematical considerations to describe hydraulic piping systems 

under various hydraulic conditions [1]. The first one concerns the elastic models 

or water hammer models that consider fluid compressibility and pipe-wall 

mechanical characteristics. The pipeline is assumed to be elastic (or quasi-rigid). 

The elastic models are used to describe water hammer, in other word, fast changes 

in flow conditions, such as valve manoeuvres, pumps start-up or shutdown, or 

pipe bursts. For these models, the flow is usually considered one-dimensional and 

described by a system of differential equations. The second one deals with the 

rigid models or lumped models, which are valid only when the flow conditions 

vary slowly in time. For these models, the fluid and pipe compressibility effects 

can be neglected, and the fluid can be described by a rigid column. The system of 

hyperbolic differential equations, typical of elastic models, is simplified to a set of 

ordinary differential equations that can be solved by Modified Euler Method or 

Runge-Kutta Methods. The rigid models can be efficient for slow variations of 

flow, such as the increase of consumption in peak hours, in which it is important 

to account for the inertia of the system. The transition between the unsteady 

compressible flow (elastic model) and unsteady incompressible flow (rigid model) 

is set by the ratio between the total internal energy change and the total kinetic 

energy change [1]. 

There are various FSI models for water hammer in the literature, but the four-

equation model is the most suitable among them because of its simplicity and 

reliability. Only axial vibration of the pipe is considered in this model; the 

circumferential and radial motion are ignored in much research. 

Regarding viscoelastic (VE) modelling, numerous research focuses are taken on 

this field. The VE behaviour is usually studied by considering mechanical element 

to describe it; the spring for elastic response and the dashpot for viscous response. 

Usually, the generalized Kelvin-Voight model is used to describe VE behaviour. 

Fluid transient in VE pipelines, such as polyethylene can be predicted thanks to 

the classical VE model, in which the retarded circumferential strain is calculated. 

Although the important effect of the pipe material on the pressure history during 

fluid transient, FSI models (four-equation models) are rarely used for water 
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hammer prediction in VE pipes. Mostly, unsteady friction (UF) is ignored because 

friction damping VE can be neglected against VE damping. 

The cavitation models obviously differ from water hammer models because of the 

existence of the two-phase liquid-vapour flow. The void fraction of vapour in the 

mixture is introduced in the governing equations. Cavitation models are very 

numerous, but they can be grouped into two large families: the column separation 

models, for example the discrete vapour cavity model (MCVD) and the discrete 

gas cavity model, and the distributed cavitation models. Regardless the model 

type, dynamic coupling can be included in the governing equations, but it can be 

observed that FSI is rarely introduced in cavitation models in the literature [2]. 

Nevertheless, the prediction of structural responses accompanying fluid transients 

with cavitation requires coupled analysis in which FSI should be accurately 

described, especially in case of axial freely moving pipes. In practice, it is 

impossible to carry out hydraulic plants with entirely rigid pipelines. 

In order to obtain accurate results, water hammer calculations in pipelines require 

the use of appropriate numerical method. The method of characteristics (MOC) is 

the most preferred one because the wave-speeds are constant in time (no 

dispersion). The majority of the commercially available water hammer software 

packages use the MOC. The numerical schemes are usually based on linear space 

or linear time interpolations. Nevertheless, since interpolation results in errors, 

researchers use the wave-speed adjustment scheme (WSA), which is more flexible 

and more efficient. The Finite Element Method (FEM) provides great flexibility 

in handling variable-size elements in different properties. The method consists 

firstly in substituting a shape function into the differential equations. Then the 

residual (difference between the shape function and the exact solution) is 

multiplied by a weighting function to obtain a weighted residual. After that, the 

FEM attempts to force this weighted residual to zero in an average sense. The 

choice of the weighting functions can be obtained with different schemes, namely 

the Galerkin scheme and the Petrov-Galerkin scheme. Another way is to combine 

two numerical methods: The FEM and the MOC. The new method is called FEM-

MOC. The former is suitable for structural calculation (pipe), whereas the latter is 

preferred for the fluid calculation. However, this technique is not preferred than 

the full MOC. The Finite Difference Method (FDM) is efficient in calculation of 

distributed cavitation models because the pressure wave-speed is no longer 

constant. For implicit schemes, the FDM has the advantage of stability for large 

time step. However, the time and the storage requirement are increaded. 

Therefore, implicit schemes are not suitable for wave propagation problems 

because they entirely distort the path of propagation of information. Recently, 
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hyperbolic problems are usually solved by explicit schemes, such as MacCormak 

and Lax-Wendroff schemes. The Finite Volume Method (FVM) is also used for 

hyperbolic problems, such as gas dynamic, shallow water waves and water 

hammer flows. The first-order based Godunov scheme is widely used for this 

method. It is very similar to the MOC with linear space-line interpolation.  

From the foregoing description, some recommendations can be established for 

calculation of hydraulic transient. First, one should select appropriate model and 

appropriate numerical method. Secondly, some assumptions are needed for easier 

calculations and obviously there are some limitations for such assumptions. 

Thirdly, the dynamic coupling mechanisms complicate the models, and it 

becomes unnecessary to use them unless they lead to eventual improvement of the 

solution, or when structural responses prediction is needed. Finally, the computer 

code should be efficient otherwise, any numerical error involved cannot be easily 

avoided. Recently, several computer software are developed for computational 

fluid dynamics (CFD), and fluid transient problems represent the most important 

application for them. The most popular CFD products are Matlab and Ansys 

Fluent. The majority of reviewers stated that Matlab is designed for numerical 

computing and visualization but is not suited for intensive computation. However, 

Ansys Fluent is essentially directed for modelling and simulation thanks to its 

efficient and automated structured meshing. In this work, numerical computations 

of numerous variables is needed, all calculations are hence performed by use of 

Matlab through implementation of several codes written by the present authors.  

In this work, a coupled modelling and numerical calculation of fluid transient in 

pipelines is proposed. The reservoir-pipe-valve system (downstream valve 

system) is mainly used in defining boundary conditions of the problems. The 

emphasis is made on cavitation (vaporous cavitation and gaseous cavitation), its 

effect on the pressure history and especially on the structural responses. Water 

hammer and cavitation models from the literature will be used in new coupled 

formulation that considers the effect of FSI on the numerical solution. Friction 

coupling effect will be tested by comparison between steady friction (SF) and UF. 

Poisson coupling will be investigated by use of the four equation model. To 

introduce the junction coupling, axial free-moving valve will be considered and 

compared to the fixed valve case. Elbows systems lead to higher junction 

coupling and additional lateral vibration of the pipe. Such configurations are more 

complicated and may be investigated in next works. The objective is to improve 

water hammer understanding associated with local column separation. 
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NOMENCLATURE 

Abbreviations 

4EM Four-equation Model 

4EFM Four-equation Friction Model 

4EVEM Four-equation Viscoelastic Model 

BPA Benchmark Problem A 

CCC Constant creep-compliance 

CWS Constant wave-speed 

CFD Computational Fluid Dynamics 

DVCM Discrete Vapour Cavity Model 

DGCM Discrete Gas Cavity Model 

FDM Finite Difference Method 

FEM Finite Element Method 

HDPE Hight Density Polyethylene 

HGL Hydraulic Grade Line 

MOC Method of Characteristics 

QR Quasi-rigid 

RG Rectangular Grid 

SF Steady friction 

SG Staggered Grid 

SLI Space-line Interpolation  

TLI Time-line Interpolation 

UF Unsteady friction 

CCC Constant creep-compliance 

VCC Variable creep-compliance 



ix  

VWS Variable wave-speed 

VEM Viscoelastic Model 

VE-DVCM Viscoelastic Discrete Vapour Cavity Model 

VE-DGCM Viscoelastic Discrete Gas Cavity Model 

WSA Wave-speed Adjustment 
 

Scalars  

α Vapour void fraction / constant 

   Volume  

β Constant number / coefficient of the Newmark method  

δ Integer equal to 1 or 2 

κ Isothermal compressibility 

ρ Mass density 

ψ Weighing factor  

Ω Number 

ε Axial strain  

γ Pipe inclination / constant  

λ Characteristic direction 

μ Dynamic viscosity 

ν Poisson coefficient / kinetic viscosity  

ψ Weighting factor 

σ Stress 

Σ Constant number  

Π Constant number 

Γ Constant number 



x  

τ Shear stress / retarded time 

Φ Number  

Φ Airy function  

ζ Damping ratio 

a, b Integers  

A, A , Â   Cross section 

B Pipeline impedence   

c Anchor coefficient / viscous damping coefficient  

C Celerities / constant number   

D Inner diameter of the pipe 

e Pipe-wall thikness 

E Young’s modulus of elasticity 

f Friction coefficient 

F Force / number 

G Number  

g Gravity acceleration 

h Friction head loss / arbitrairy datum 

H Piezometric head 

i Space increment 

j Time increment 

J Creep compliance 

k Constant / number / stiffness coefficient 

K Bulk modulus of the liquid / number 

L Length of the pipe 

m Mass  



xi  

n Rational number  

N Number of reaches 

p Pressure   

P Computational point 

q, q , q̂   discharge 

Q One time-step earlier computational point 

R Radius / two-step earlier computational point   

r, R Radius 

t Time  

T Temperature / period 

u Axial displacement / integration time  

V Celerity   

v Specific volume 

W Weighting function 

Z, Z , Ẑ   Head  

z Axial cordinate  

Matrices  

A, B Coefficient matrices of the PDE system 

D Diagonal matrix  

I, I   Identity Matrix  

M1, M2, M3, 

M4  

Coefficient matrices of the algebraic system for inner 

sections 

R1, R2, R3, R4  Coefficient matrix of the algebraic system at the reservoir 

T, S Transformation matrices  
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V1, V2, V3, V4 Coefficient matrix of the algebraic system at the valve 

Tensors  

D   Strain tensor   

   Viscosity stress tensor 

   Cauchy’s stress tensor 

  Orientation tensor 

Vectors  

k1, k2, k3, k4 
Right-hand side vectors of the algebraic system for inner 

sections 

r1, r2, r3, r4 
Right-hand side vectors of the algebraic system at the 

reservoir 

v1, v2, v3, v4 
Right-hand side vectors of the algebraic system at the 

reservoir 

r Right-hand side vector of the PDE system 

y1 Vector of unknowns of the water hammer models 

y2 Vector of unknowns of the column separation models 

Subscripts   

0 Initial  

b Beat 

cav Cavitation  

d Downstream  

e Elastic  



xiii  

f Fluid  

g Gas 

k Kelvin-Voight element 

l Liquid   

m Mixture  

p Pipe  

v Vapour  

r Radial coordinate / retarded 

s Steady-state / integration time  

T Isothermal  

u Unsteady-state / upstream 

w Pipe-wall  

z Axial coordinae  

φ Circumferential coordinate 
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CHAPTER 1 

Review of Literature  

Abstract: This chapter presents a review of the literature related to fluid transients 

involving column separation and vaporous and gaseous cavitation in pipelines. Basic 

concepts are clarified, and the classification of water hammer and cavitation models is 

presented. The historical development of fluid transients is described. The concept of 

propagation of pressure pulses at sonic velocity through a straight pipeline is 

presented. 

Keywords: Cavitation; Column separation; Experiment; Water hammer.  

INTRODUCTION 

Fluid transients in pipelines are an important topic in hydraulic engineering that 
needs deep studies and research to prevent fluid and pipe responses. Numerous 
researchers define mathematical and numerical models for this purpose. Others 
tried to obtain the real behaviour through experiments. In fact, these experiment 
results serve as references to compare numerical results and validate mathematical 
models and numerical methods. The aim of this chapter is to focus on the general 
concepts of fluid transient studies. 

FLUID TRANSIENTS 

Fluid transients is a large variation in pressure and velocity following an event in 

the hydraulic system stopping or starting the fluid flow. It is also referred to as water 

hammer in pipelines. Generally, the phenomenon occurs in full-liquid pipelines and 

is caused by sudden valve closing, pump stopping and starting, etc. As an outcome, 

fluid transients may lead to severe accident for the hydraulic plants. The concept of 

fluid transients began in the middle of the nineteenth century by Ménabréa [3, 4] 

and has continued after the middle of the twentieth century. 

Water Hammer Pressure Rise 

The water hammer law in a straight pipeline was established by Joukowsky in 1900. 

The increment of pressure change ∆p depends on the increment of flow velocity ∆V 

via [5].  
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Δ   f fp C V   (1.1) 

with  f  is the mass density of the fluid and fC  is the pressure wave-speed. Since  

  fp g H , in which ∆H is the head change, Eq. (1.1) implies [6].  

 
Δ
g

  
fC V

H   (1.2) 

Elastic waves propagate without modification in an infinite isotropic medium but 

are susceptible to reflection and refraction when they meet a surface separating two 

different media. Two cases are to consider: (i) When a plane wave propagating in 

a fluid, normally meets a rigid surface, it is reflected without changing sign: thus, a 

compression wave is reflected in a compression wave. (ii) When a plane wave 

propagating in a fluid, normally meets a surface where the pressure remains 

constant (free surface of a liquid), there is reflection with change of sign: thus, a 

wave of compression is reflected in a rarefaction wave. 

 

Water Hammer Process                          

                                                                                                             

Consider the case of the standard reservoir-pipe-valve-system containing a fluid 

(e.g. water) flowing at the initial velocity 0V  from the reservoir up to the valve. The 

sudden closure of the valve causes water hammer. By neglecting the friction 

throughout the pipe, the propagation of water hammer is subdivided into four events 

(Fig. 1.1) as follows: 

Event 1: At the instant t = 0, the valve at the downstream end of the installation is 

closed. Immediately and close to the valve, the flow rate vanishes. The fluid nearest 

the valve is compressed to the extra head H and the pipe-wall is stretched (Fig. 

1.1a). As soon as the first fluid layer is compressed, the process is repeated for the 

next fluid layer. The fluid upstream from the valve continues to move downstream 

until the compression of the whole fluid column. From an energetic point of view, 

the kinetic energy of the stopped fluid is transformed into elastic energy, part of 

which serves to deform the pipe (expansion) and the other to compress the fluid. 

When the wave reaches the reservoir, at  ft L C  the pressure is uniform, and all 

the fluid is under the extra head H and all the kinetic energy is transformed into 

elastic energy. 

Event 2: To restore the equilibrium between the pressures of the reservoir and the 

pipe, the fluid flows backward at the same initial velocity since the pressure of the 

reservoir is constant. A low-pressure wave is superimposed to the existing 
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overpressure (Fig. 1.1b). At 2 ft L C , the kinetic energy of the previous event 

stored in the form of elastic strain energy is restored. The pressure is back to normal 

along the pipe (to 0H ) and the velocity is equal to 0V .  

Event 3: The fluid continues to flow towards the reservoir and subsequently the 

pressure decreases at the valve by H meters lesser than 0H . The low-pressure wave 

reflected by the closed valve travels back to the reservoir (Fig. 1.1c). The pressure 

is set to 0 H H  on the entire pipe at 3 ft L C . Then, the fluid is expanding while 

the pipe is contracting in latera direction. 

Event 4: The unbalanced conditions at the reservoir cause the fluid to flow 

downstream at the velocity 0V  and a positive-pressure wave progresses forward to 

the valve. The pipe and the fluid return to normal conditions (Fig. 1.1d).  At the 

instant, the high-pressure wave reaches the valve, the fluid and pipe conditions are 

the same as 4 fL C  seconds earlier. This process is then repeated every period 

4 fT L C . 

Water hammer process can be visualized in the space-time plane as illustrated in 

Fig. (1.2). The sloped dashed lines represent the wave fronts corresponding to either 

high-pressure or low-pressure waves with increasing time. These lines divide the 

space-time plane into zones at different pressures and different velocities.   

Noting that the analysis of water hammer process in case of a sudden stoppage of a 

pump, of a flow in a discharge pipe is the same except, however that it begins with 

a pressure drop and ends with an overpressure. It would be enough to repeat the 

explanations given above starting with event 3. 

Pressure wave-speed  

The pressure wave-speed depends on the physical properties of the fluid and the 

mechanical and geometrical characteristics of the pipe. Its determination requires 

the search for the celerity of the acoustic wave in the fluid in question. The starting 

formula concerns the blood flow in the vessels as  
1 2

0 f fC K  with K is the 

bulk modulus of the fluid. 
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CHAPTER 2 

Mathematical Development  

Abstract: This chapter gives a detailed description of the mathematical development 

proposed for the study. The elasticity theory and the general theory of beams are 

strongly present whereas some assumptions are adopted to simplify the analysis. 

Keywords: Creep; Elastic pipelines; Fluid-structure interaction; Poisson coupling; 

Viscoelasticity. 

INTRODUCTION 

The mathematical development of the water hammer models is based on two 
equations : (i) the continuity equation and (ii) the momentum equation. Both of 
them represent  an  independent mechanical law. When applied to the fluid in the 
pipe, e.g., water, the two equations lead to establishing the partial differential 
equation (PDE) of the fluid, which constitutes the classical water hammer model 
described in Chapter 1. However, if fluid structure interaction (FSI) is involved, 
then two other equations are added leading to the four-equation model. The 
procedure is applied to water hammer and cavitation in both elastic and viscoelastic 
pipelines. 

WATER HAMMER IN ELASTIC PIPELINES 

Introduction 

Water hammer in elastic pipelines (metallic ad concrete pipelines) is considered in 

this section. The pipe of inner diameter D, thickness e and inclination γ contains a 

moving fluid. At each section of the pipe, one can define the steady state velocity 

V and the pressure p. The four-equation model (4EM) is used to determine these 

two variables for the fluid and the axial velocity and the axial stress for the pipe. 

The formulation of the 4EM is based on two basic principles: the continuity 

principle and the energy conservation principle. The FSI in liquid-filled piping 

systems is modelled by extended water hammer theory for the fluid and the 

Timoshenko beam theory and elasticity theory (Hooke's law) for the pipe [2, 45 and 
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69]. Thus, two governing equations for the fluid are coupled to two governing 

equations for the pipe by means of boundary conditions, representing the contact 

between the fluid and the pipe-wall at the interface.  

Assumptions     

Schwartz introduced the following assumptions in order to simplify the analysis [2 and 

16]: 

 Transient flow is one-dimensional: pressure p and velocity V are uniform on each 

section A of the pipeline.  

 Convective terms are neglected since the velocity V is very smaller than the 

pressure wave celerity fC . This assumption is called acoustic approximation. 

 The pressure waves propagate at low frequencies in axial direction; radial inertia 

effect is neglected. 

 The fluid is homogeneous, isotropic and has linearly elastic behavior. 

 The material of the pipe is isotropic and homogeneous, and it has a quasi-rigid 

linear elastic behavior (metals and concrete). 

 The pipe has a circular thin-walled section. 

 Cavitation does not occur: the fluid pressure remains above the vapour pressure.   

Fluid Dynamics  

The cylindrical coordinate system is considered. For an infinitesimal fluid volume 

ϑ, the continuity equation can be derived in its local form [70]: 

 0
   




   
    

   

f f f f
r z f

V
V V divV

t r r z
 (2.1)  

The equation of state is:  

 
  


 

f f p

t K t
 (2.2) 

in which K is the bulk modulus of compressibility of the fluid. Since the fluid is 

homogeneous, its density does not depend on space variables, i.e., 

0           f f fr z . After neglecting the circumferential part of the 

velocity [2], Eqs. (2.1) and (2.2) lead to the continuity equation of the fluid. 
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1 1

0
 

  
  

z
r

Vp
rV

K t z r r
 (2.3) 

For the same infinitesimal volume ϑ, the equation of motion can also be written in a 

local form as:   

     f
dV

grad p div F
dt

 (2.4) 

with F  is the outside force per unit volume and   denotes the viscosity stress tensor 

given by:  

 
2

2
3

   
 

   
 

divVI D  (2.5) 

with   and   are respectively dynamic and volumetric viscosity coefficients, I  is 

the identity matrix and D  is the strain tensor defined as:  

  1

2

 
  

 

t
D gradV gradV  (2.6) 

Eqs. (2.5) and (2.6) can be introduced in Eq. (2.4) and lead to the Navier-

Stokes equation.  

  
1

3
    

 
      

 
f f

dV
F grad p V grad divV

dt
 (2.7) 

in which the coefficient   is equal to zero. The left-hand side of Eq. (2.7) is a particular 

derivative that can be developed as:  

   
 

  
 

f f
dV V

gradV V
dt t

 (2.8) 

in which:  
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CHAPTER 3 

Numerical Calculation of Water Hammer 

THE METHOD OF CHARACTERISTICS (MOC) 

The conventional form of 1st linear PDE systems with constant coefficients is: 

 
 

 t z

y y
A + B = r                             (3.1) 

with A and B are two matrices, y is the vector of unknowns and r is the right-hand 

side vector. 

 

Abstract: In this chapter, the Method of Characteristics (MOC) is detailed and used 

to solve the mathematical models defined in the second chapter, where the 

reservoirpipe-valve-system is considered. The wave-speed adjustment (WSA) 

scheme is preferred for the MOC. The numerical method is applied to the elastic 

pipelines on onehand and to the viscoelastic pipelines on the other hand. 

Keywords: Boundary conditions; Initial conditions; Linear interpolation; Method 

of characteristics; Wave-speed adjustment. 

INTRODUCTION 

The partial derivative equations (PDE) describe numerous physical phenomena 
such as wave propagation. They can be classified with respect to their order (usually 
1st or 2nd order) and their coefficients (linear, quasi-linear or nonlinear). The 
unknowns usually depend on time t and space x or z. The PDE problems are 
successfully solved by means of the MOC. However, this method needs numerical 
schemes and computational grids. Since interpolation leads to numerical 
oscillations in the result. The WSA scheme is preferred and then applied to the water 
hammer models already developed, such as the four-equation friction model.   
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Compatibility Equations 

The characteristic equation of (3.1) is:   

  det 0 B A  (3.2) 

Three situations are possible according to the roots of Eq. (3.2): (i) if all roots are 

reals number, the system 3.1 is hyperbolic; (ii) if all roots are reals and equal, the 

system is parabolic and (iii) if all roots are imaginary numbers, the system is elliptic. 

The Method of Characteristics (MOC) is preferred for calculation of PDE systems. 

Eq. (3.1) is equivalent to [2]: 

 
 

 
 t z

-1 -1y y
A B A r  (3.3) 

According to linear algebra, it is known that for every square matrix with strict real 

elements, it exists a matrix S such that:  

                                                   -1 -1
S A B S = D                                               (3.4)   

in which the matrix D is diagonal and is written in case of four unknowns as 

                                    

1

2

3

4

0 0 0

0 0 0

0 0 0

0 0 0









 
 
 
 

  
 
 
 
  

D  

The eigenvalues i  are the characteristic directions. Their calculation can be 

obtained by solving the following equation:  

                                            det 0 -1 4
A B I                                            (3.5)   

which is equivalent to: 
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                                                 det 0  
 

-1
A B - A                                        (3.6)   

To solve the above equation, one needs a regular matrix T: 

                                                       
-1 -1

T = S A                                                   (3.7) 

which implies: 

 D = TBS and 
-1

TB = DS  (3.8) 

Eq. (3.7) leads to: 

                                                           
-1

S = TA  (3.9) 

Hence, the introduction of Eq. (3.9) into Eq. (3.8) leads to: 

                                                         TB = DTA  (3.10) 

The multiplication of the system (3.1) by the matrix T and the consideration of Eq. 

(3.10) allows a new formulation of the system:  

 
 

 t z

y y
TA + DTA = Tr  (3.11) 

By considering the vector v = TAy, it follows:  

 
 

 t z
+ D = Tr

v v
 (3.12) 

which is detailed in the following: 

  
 

 
 

i i
i i

v v
Tr

t z
 (3.13) 

The differentiation of iv  gives:   

 
 

 


i i id

z

v v vdz

dt t d dt
 (3.14) 
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CHAPTER 4 

Numerical Modelling of Transient Cavitation  

Abstract: The modelling of transient cavitation is described in this chapter by 

considering column separation modelling where FSI and gas release are taken into 

account. As detailed for water hammer modelling, transient in straight pipeline is 

caused by fast closure of shut-off valve. Both vaporous and gaseous cavitation are 

considered in the numerical models. 

Keywords: Cavity; Collapse; Column separation; Discrete model; Gas release;  

pressure pulse, Vaporous cavitation. 

INTRODUCTION 

Transient cavitation occurs in piping systems through two modes: liquid column 
separation and distributed cavitation. This latter is described in the literature 
through the bubble model, while the discrete vapour cavity model is widely used 
when column separation is assumed to occur, which is the case of the present study. 
In this study, the emphasis is placed on the effect of fluid-structure interaction (FSI) 
on the solution. In fact, the chapter focuses on the numerical modelling of cavitation 
by considering four-equation models. 

COLUMN SEPARATION MODELLING IN ELASTIC PIPES 

The Coupled DVCM 

General Concept 

The coupled DVCM was proposed [52] to take account of FSI in the vaporous 

cavitation modelling; the model ignore the gas release effect. Transient is caused 

by a fast valve closure. Initial velocity is assumed to be high, so that vaporous 

cavitation and column separation occur. Moreover, thermodynamic conditions 

characterizing the classical DVCM, such as cavity opening and collapse and the 

constant vapour pressure in the cavity, are still valid. As described for the classical 

DVCM, vapour cavities are concentrated at the grid points, whereas liquid is 
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overlying the reaches. Nevertheless, the isothermal process is no longer adopted; 

the cavitation process is assumed to be isentropic. 

The coupled DVCM is obtained by incorporating the classical DVCM into the 

compatibility equations (3.39) and (3.40) deriving from the 4EFM. The MOC based 

on the WSA scheme is used to solve the proposed model. The space-time plan is 

divided into regular mesh with a space step ∆z and a time step ∆t. While 

sin vH H z  with   is the inclination of the pipe, cavitation does not occur, and 

the water hammer model is used. Once the pressure p drops below the gauge vapour 

pressure vp  at the computation point P, the strong condition sin vH H z  is 

established. Four unknowns are then calculated at each time step ∆t: the upstream 

discharge P
uq , the downstream discharge P

dq , the axial velocity of the pipe 
P
zu  and 

the axial stress  P
z .  

The coupled DVCM was calculated in a “stress wave” grid used in a specific form 
yielding two different schemes [52]. The first one is a full-WSA scheme that allows 

calculations at all points of the RG as shown in Fig. (4.1). This scheme can be used 

whether the integers a and b characterizing the WSA method are odd or even. The 

second one called WSA-TLI scheme allows calculations with the WSA method 

only at the first SG, whereas TLI provides information at points of the second SG. 

This scheme is illustrated in Fig. (4.1), where the integers a and b are indicative for 

calculation only. If a single SG is used instead of the RG, then calculations based 

on the WSA method cannot be performed unless both integers a and b are odd. 

Since these latter are chosen either odd or even with respect to the characteristic 

direction ratio r, the single SG is not useful. Therefore, the WSA-TLI scheme is 

assumed to be a helpful alternative for the full-WSA because it allows calculation 

of the coupled DVCM in a SG using the WSA method.  

 

Fig. (4.1). “Stress wave” grid based on the WSA-TLI scheme [52]. 
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The calculation of the hollow points shown in Fig. (4.1) using the TLI technique is 

simply obtained since the time step ∆t is constant. For example, the discharge at the 

point R (earlier point of P) is:  

  1

2
 R Q P

u u uq q q  and  1

2
 

QR P
d dd

q q q   (4.1) 

and so are 
R
zu  and  R

z .  Then, the cavity volume v  is calculated at each point of 

the RG and the formula given by Eq. (1.19) is modified to:  

     1        
  

QP Q P P Q
v v d u ud

t q q q q     (4.2) 

Once the compatibility equations are integrated along the characteristic directions 

 fC ,  fC  pC   and  pC , the four governing equations of the vaporous cavitating 

flow are derived: 
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CHAPTER 5 

Numerical Results for Elastic Pipelines  

WATER HAMMER WITHOUT CAVITATION 

It is worth noting that the negative values of pressure displayed in the following 

figures do not simulate the real responses of the fluid, because the relative pressure 

does not drop below 1.013 bar . The aim of this numerical simulation is to compare 

the WSA scheme to the linear interpolation schemes.  

The Benchmark Problem A   

The Benchmark Problem A (BPA) shown by Fig. (5.1) is used as numerical test 

and the exact solution of Tijsseling [2] is used to compare and evaluate the WSA 

scheme. Noting that the Delft Hydraulic Problems A to F have been defined and 

used to test numerical methods and FSI software. The  BPA concerns a reservoir-

pipe-valve system, where the straight steel-pipe is defined by its length 20 mL , 

inner radius 398.5 mmR , thickness 8 mme , Young’s modulus 210 GPaE , 

Abstract: This chapter deals with the numerical results obtained from the simulation 

of fluid transients in elastic pipes. The MOC with WSA scheme is used and the 

numerical results are validated against experimental records. The comparison shows 

good agreement between the two results which validate the earlier proposed models.   

Keywords: Experimental result; Fluid response; Poisson coupling; Structural 

response; Unsteady friction. 

INTRODUCTION 

Water hammer is simulated by use of the 4EM and the 4EFM with a comparison 
between the two models. In the former, Poisson coupling, and junction coupling 
can be revealed, while the latter takes account of the three dynamic coupling types. 
In addition, the unsteady friction (UF) effect is revealed by simulating the Zielke 
model as well as the Vardy-Brown model in both classical and coupled models. For 
cavitation, two coupled column separation models, namely the coupled DVCM and 
the coupled DGCM are proposed and compared against experimental results from 
the literature. 
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mass density 
38900 kg.m p  and Poisson coefficient 0.30  . The water in the 

pipe has a bulk modulus of elasticity K = 2.1 GPa, mass density 
31000 kg.m f  

and an initial velocity 1
0 1 m.sV . The instantaneously closing valve may be 

fixed (no junction coupling) or free (with junction coupling). Tijsseling proposed 

and validated [80] the exact solution for the BPA against the MOC solution 

obtained with the WSA scheme proposed [81]. The calculation shown that the two 

solutions are almost identical.  

 

Fig. (5.1). Reservoir-pipe-valve system in Delft Hydraulics Benchmark Problem A [80]. 

Effect of Poisson Coupling 

This subsection concerns the analysis of the Poisson coupling assumed to act 

without junction coupling: the valve is rigidly fixed to the support. The WSA 

scheme of the MOC is used to calculate the 4EM. The characteristic directions are 

11024,55 m.sfC  and 
15280,5 m.spC  so that their ratio is 

5.1539p fC C . Therefore, the integers 13a  and 67b  are chosen for the 

adjustment. Noting that the computations are obtained without any correction on 

the mass densities, because the result is practically not influenced with these 
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assumptions. Also, there is no discretization of the space domain; only one reach 

can be used, i.e. 1N  and 0.98 ms t . To calculate the pressure at the middle 

of the pipe, a minimum number of reaches 2N  will be sufficient. The effect of 

Poisson coupling on the pressure evolution at the valve is shown by Figs. (5.2 and 

5.3). These figures also display the preference of the WSA scheme to both SLI and 

TLI schemes. The effect of the precursor wave on the pressure wave can be clearly 

observed. The precursor waves are pressure waves induced by the stress waves and 

propagate at the stress wave-speed pC . 

 

Fig. (5.2). Pressure at the fixed valve and preference of the WSA scheme to the SLI scheme in the 

BPA. 

 

Fig. (5.3). Pressure at the fixed valve and preference of the WSA scheme to the TLI scheme in the 

BPA. 
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CHAPTER 6 

Numerical Results for Viscoelastic Pipelines  

Abstract: This chapter deals with the numerical results obtained from simulation of 

fluid transients in viscoelastic pipes. For the non-cavitating flow case, the simulation 

shows that the pressure fluctuations are rapidly attenuated, and the overall transient 

pressure wave is delayed in time due to the retarded deformation of the pipe-wall. In 

addition, the simulation of the cavitating flow gives reasonable results compared to 

experimental data. 

Keywords: Circonferential strain; Creep-compliance; Experimental result; 

Viscoelastic pipelines.  

INTRODUCTION 

The viscoelastic behaviour of the polyethylene (PE) pipe determines the pressure 
response during transient. The calibrated creep functions provided by Covas in [1] 
are used in simulation of water hammer without cavitation. The experimental data 
of  Stoinov  and  Covas are  used to validate calculations of the classical models as 
well as the proposed models without cavitation. 

Case Studies  

Case 1: Water Hammer in HDPE Pipeline  

The experiment of Stoinov and Covas carried out in 277 m HDPE pipeline, 63 mm 

diameter, at Imperial College (IC) is mainly used to validate numerical calculations. 

The experimental facility is presented in Subsection 6.4 of Chapter 1. The pipeline 

was fixed to a concrete structure with plastic brackets, 1 m spaced, and with metal 

frames at the elbows, to avoid any axial movement. This facility was particularly 

designed and constructed for the investigation of novel leak detection techniques 

based on the generation of transient events in a water pipe system. Collected 

transient data were essentially used for calibration and validation of the Hydraulic 

Transient Solver (HTS) and Inverse Transient Analysis (ITA) proposed by Covas 

in [1]. 

Transient pressure and circumferential strain data were collected at several sites. 

The effect of pipe-wall viscoelasticity was observed in specific features of the 
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transient pressure signal (i.e., initial pressure peak and major energy dissipation) 

and in stress-strain curves during the occurrence of transient events (i.e. mechanical 

hysteresis). Viscoelastic behaviour is typically described by a creep-compliance 

function,  J t . Results of the experimental tests were discussed, and final remarks 

were made on how to characterise the viscoelastic behaviour of PE as a material 

and when it is integrated in a water pipe system. 

In 2003, Covas gave an extensive work in which she analysed the effects of several 

parameters on fluid and pipe responses: steady friction (SF), unsteady friction (UF), 

boundary conditions and viscoelasticity [1]. The emphasis was made on the major 

effect of viscoelastic behaviour on pressure and strain damping and dispersion. To 

obtain accurate results, calibrations of the transient solver was used. However, in 

the present study, any of these calibrations will be adopted; some relevant 

parameters mentioned in [1] will be useful, such as the ignorance of the UF effect 

(frictionless modelling), the number of Kelvin-Voight elements and the pressure 

wave-speed. Covas has calibrated her solver by carrying out a sensitivity analysis 

to define model parameters. Afterwards, calibrations were carried out for several 

transient tests considering laminar and smooth turbulent flow: 1
0 0.056 l.sQ  to 

11.98 l.s . The wave-speed is 
1385 m.sfC   to 

1425 m.s  according to the 

estimated values based on maximum pressure peaks and travelling wave times. The 

elastic wave speed was fixed at 
1395 m.s  (i.e. 0 1.4 GPaE  and 

1
0 0.70 GPaJ ) as a compromise between accuracy and computational time, and 

the relaxation times are equal to 0.05, 0.5, 1.5, 5 and 10 s. The best-fitted 

parameters, and the respective creep curves and calculated piezometric heads were 

detailed. It was concluded that the minimum number of three elements is essential 

to achieve an acceptable level of accuracy, and greater numbers (4 ou 5) do not 

improve the accuracy of the results, providing only a different combination of 

parameters kJ  and requiring more computational time. In addition, the relaxation 

times 1 0.05 s   and 2 0.5 s   must be included in the K-V model to achieve a 

good accuracy of the model, and any of the others higher than the previous ones 

(e.g. 3 1.5 s  , 5 s or 10 s) can be used. According to the tests of Stoinov and 

Covas, it has been assumed that the higher the relaxation times are, the closer 

calibrated creeps are to the experimental function. The analysis of sample size ΔT 

was carried out to determine the best relaxation time 3 , and it was concluded that 
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creep functions for 3 10 s   are closer to the experimental curve than that for 

3 1.5 s   and 3 5 s  . 

Table 6.1 displays two series of viscoelastic parameters provided in [1] 

corresponding to two different cases used in this section to validate the numerical 

computation: the steady state laminar flow case 1
0 0.056 l.sQ  ( Re 1400 ) and 

the steady state turbulent flow case 1
0 1.008 l.sQ  ( Re 25200 ). 

Table 6.1. Creep compliance functions for two cases of steady state flowrate. 

Steady 

State 

Flowrate 

Q0 (l/s) 

Sample 

SizΔ ΔT (s) 

Average 

Least 

Square 

Error (m2) 

Creep Function Jk (10-9 Pa-1) 

τ1 = 0.5 s τ3 = 1.5 s τ3 = 10 s 

0.054 10 0.0014 0.0935 0.13 0.836 

1.008 10 0.0472 0.104 0.124 0.41 

 

The friction coupling is considered through steady friction (SF) terms expressed by 

the Darcy-Weisbach formula. The friction coefficient f can be obtained by the 

Blasius formula for turbulent flow and the Hagen-Poiseuille formula for laminar 

flow. Covas provided useful relationship between pipe friction and Reynolds 

number (Fig. 6.1) [1]. According to this result, the friction coefficients used in this 

case study will be almost equal to 0.040 for the laminar flow and 0.025 for the 

smooth turbulent flow.  

 

Fig. (6.1). Relationship between pipe friction and Reynolds number [1].  
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REVIEW AND CONCLUSIONS 

In this work, fluid-structure interaction (FSI) modelling and numerical simulation 

of transient in pipelines have been carried out. The emphasis was made on the 

development of column separation models taking into account several parameters 

such as friction, Poisson coupling, junction coupling (axial movement of the pipe) 

and viscoelasticity. The derived equations are valid for long wavelength and hence 

low frequency. All mathematical and numerical modelling are based on the 

standard reservoir-pipe-valve system, where transient is caused by the fast closing 

of the downstream valve, except in case of cavitation in viscoelastic pipelines for 

which transient is caused by the quick closure of the upstream valve.  

An extensive review of literature has been carried out. It has given description of 

physical phenomenon and mathematical and numerical modelling of hydraulic 

transients in pipelines. Several experiments on water hammer and cavitation in 

elastic and viscoelastic pipelines have been investigated. The proposed models of 

water hammer in pipelines have been developed based on the continuity equation 

and the momentum equation for both the fluid and the pipe. The modelling takes 

account of elasticity, unsteady friction, and viscoelasticity. Thus, three coupled 

models have been detailed allowing calculation of the pressure and the axial 

velocity of the fluid and the axial stress and the axial velocity of the pipe. These 

coupled models are in fact FSI models that take into account three types of dynamic 

coupling: friction coupling, Poisson coupling and junction coupling. The four-

equation model (4EM) and the four-equation friction model (4EFM) describe water 

hammer in elastic pipes with free axial vibration. The numerical modelling of 

cavitation has been based on the water hammer models and the classical column 

separation models, namely the classical discrete vapour cavity model (DVCM) and 

the classical discrete gas cavity model DGCM. Both vaporous and gaseous 

cavitation have been studied by considering only column separation at specific 

locations along the pipeline. Distributed cavitation models have not been studied in 

this work.  

Regarding the numerical procedure, the MOC has been used to solve the water 

hammer models in both elastic and viscoelastic models. The WSA scheme has been 

preferred to both time-line interpolation (TLI) and space-line interpolation (SLI) 

schemes. The MOC development based on the WSA scheme had been first applied 



Review and Conclusions One-Dimensional Transient Flow in Pipelines    185 

to the water hammer elastic models (the 4EM and the 4EFM) and then extended to 

cavitation.   

The cavitation study has only considered column separation phenomenon, which is 

dominant in hydraulic plants. The cavitation modelling has been obtained by 

referring to the water hammer models. The compatibility equations of the water 

hammer models have been used to develop the coupled DVCM and the coupled 

DGCM for elastic pipelines. Therefore, the same approach has been extended to the 

viscoelastic pipelines. The MOC development has been also used to solve the 

coupled viscoelastic model referred to as the 4EVEM. This latter has needed further 

development because of the existence of the retarded strain in the governing 

equations. As proposed for the elastic pipelines, the compatibility equations of this 

model leaded to the coupled viscoelastic DVCM, referred to as coupled VE-

DVCM. Moreover, gas release phenomenon was taken into account by providing the 

coupled DGCM which was only applied for elastic pipes.  

The valve anchoring conditions were also considered in the coupled numerical models. 

For each model, the boundary condition at the valve was considered in two different 

modes. The first one corresponds to the fixed valve which ignores junction coupling. 

The second which is more complicated in calculation corresponds to the freely moving 

valve. This latter supposes that the valve can move axially so that the material of the 

support (whether rigid or viscoelastic) matters.  

The developed models have been implemented in software package using computer 

codes developed by the present authors. The implementation of the numerical models 

into the software package using matrix transformation is detailed in appendix D where 

only the downstream-valve system is considered. The simulation and the manual 

calibration lead to the following conclusions: 

i) The instantaneous closure valve is a successful way to cause transient; the 

discrepancy that it exhibits is negligible compared to the non-instantaneous 

closure valve, which causes nonlinearity and needs numerical method to solve. 

ii) The WSA scheme is more reliable and more suitable than the interpolation 

schemes although some manual calibration are needed during calculation, and 

in addition, the density adjustment are not necessary, and they do not influence 

the result. 

iii) The classical models of water hammer are as accurate as junction coupling is 

reduced. The rigid the pipe anchor is, the efficient the classical model is. 
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iv) The weakness of the classical column separation models (the DVCM and the 

DGCM) is their dependence to the mesh refinement and their non-convergence. 

Also, these models cannot predict structural responses.  

v) The FSI models such as the four-equation model (4EM), the four-equation 

friction model (4EFM), the coupled DVCM and the coupled DGCM are 

preferred to the classical models regarding accuracy, convergence and 

computational efficiency. The 4EM 4EFM are preferred especially in case of 

axially vibrating pipes with quasi-rigid or viscoelastic supports.   

vi) The main advantage of the FSI models is their ability to predict structural 

responses such as axial displacement, axial strain, and axial stress. The 

structural responses can be assumed to be accurate once the pressure history is 

validated against experimental results.  

vii)  In case of cavitation in elastic pipelines, the FSI models provide more accuracy 

even when the pipe is rigidly anchored. The coupled DVCM and the coupled 

DGCM proposed in this work have been validated in case of hydraulic system 

with fixed valve, but the proposed approach is also valid for freely moving 

pipes. 

viii) The simulation shows that the support material has an important impact on 

fluid and structural responses during fluid transients in elastic pipelines, but the 

numerical simulation has not been validated with experimental results.  

ix) Unsteady friction (UF) is more suitable because it yields more damping and 

more accuracy in elastic pipes. In viscoelastic pipes, its damping effect is 

negligible compared to the viscoelastic damping, and the calculation can be 

limited to the steady-state friction. 

x) Gas release leads to more accuracy when considered whatever the model and 

whatever the pipe material (classical DGCM and coupled DGCM for elastic 

pipes and VE-DGCM for VE pipes). 

xi) The classical viscoelastic models (VEM) for water hammer and cavitation can 

provide accurate results in case of anchored pipeline, and on would not need 

coupled models for this case, such as the 4EVEM and the coupled VE-DVCM, 

which can be more suitable in case of vibrating structures.  

xii)  Some structural responses such as the circumferential strain and the hoop stress 

can be accurately predicted with the classical VEM in case of rigidly anchored 

pipes. 

xiii) Cavitation prediction in VE pipelines can be improved if the variable creep-

compliance (VCC) approach is used instead of the constant creep-compliance 

(CCC) approach. The main advantage of the former consists in pressure 

magnitudes.   
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The modelling and the numerical simulation proposed for water hammer and 

cavitation in pipelines are analysed and detailed taking the most hydraulic and 

mechanical cases that can be observed in practice. Nonetheless, the study has not 

considered turbomachines (pumps and turbines) which represent important 

components in hydraulic plants and pipeline systems. The developed models have 

been validated against experimental results in case of valve-closure induced 

transients. Pump and turbine stopping, and failure and other events can be 

mathematically modelled and incorporated into the above models to predict fluid 

transients. 
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Appendices 
 

Appendix A: Generalized Hook’s Law 

The generalized Hook’s law is attributed to Robert Hooke who established in 1678 
that the deformation of a structure is proportional to the applied forces. This law is 

valid for solid material with linear elastic behaviour. For one-dimensional 

configuration, the Hook’s law is written by the linear relationship   E , in which 

avec   is the strength stress, ε is the strain and E is the Young’s modulus of 
elasticity. 

In the three-dimensional system, σ and ε are no longer scalars but they are 2nd order 

tensors. The generalized Hook’s law is defined in the cylindrical coordinate system 
as:  
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 (A.1) 

which can be expressed as:  

 ij ijkl klσ = C ε  (A.2) 

with C is the 4th order tensor of stiffness. Since σij and εkl are symmetric, the 

components Cijkl are reduced to 36. For homogeneous isotropic materials, the 

generalized Hook’s law is:  
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 2    ij kk ij ij  (A.3) 

with   denotes the Lamé coefficient, μ is the stiffness modulus, kk is the trace 

of the matrix εkl given by      kk r z , and ij  is the Kronecker’s index. The 
development of Eq. (A.3) leads to:  
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It follows: 

  3 2    kk kk  (A.5) 

The incorporation of Eq. (A.5) into Eq. (A.3) allows:  
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which is usually written as:  
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With E is the Young’s modulus of elasticity given by    3 2      E and 

  is the Poisson’s coefficient defined by  2       . In the cylindrical 

coordinate system, Eq. (A.7) is:  
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The above equations lead to:  
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and subsequently, 

        r r zE  (A.17) 
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Appendix B: Stress Distribution in a Pressurized Ring  

In this appendix, a circular section pipe of inner radius R and wall thickness e is 

considered. A constant pressure p is maintained inside the pipe while the pressure 

pout (like the barometric pressure) is assumed to exist outside. In order to express 

radial and hoop stress in the pipe, a thin ring is considered (Fig. B.1). The bi-

harmonic Airy’s function Φ can be used in polar coordinate system. By neglecting 
the inertial effect of both the fluid and the pipe, the Airy’s function satisfies: 

 
4 0 Ф  (B.1) 

In addition, if the Airy’s function is independent of the angle φ, then the 

development of Eq. B.1 gives:  
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Fig. (B.1). Stress distribution in pressurized ring. 
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By taking  expr t , the general solution for the above differential equation is:   

 
2 2Log LogA r Br r Cr D       (B.3) 

Moreover, if the volume densities of forces are neglected, the stresses are:  
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Thus, by taking account of Eq. (B.3), it follows: 
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The condition B = 0 resulting from the displacement condition leads to: 
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The constants of integration are obtained thanks to the boundary conditions 
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p , hence: 
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which implies:  
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Consequently,  
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In case of 0outp , Eqs. (B.15) and (B.16) become: 

 
 

 
22

2
1

2


 
  
 
 

r

R eR
p

R e e r
  (B.17) 

 
 

 
22

2
1

2


 
  
 
 

R eR
p

R e e r
 (B.18) 

Eqs. (B.17) and (B.18) show that  r  is a compression stress and   is a strength 

stress that takes its maximum at the outside surface of the pipe:  
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Appendix C: Calculation of the Classical Water Hammer Model Using the 

MOC  

The standard reservoir-pipe-valve system is considered. Water hammer is caused 

by the fast valve closure. The integration of the compatibility equations (1.) leads 

to: 
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Eq. (C.1) is valid for   fdz dt C , whereas Eq. (C.2) is valid for   fdz dt C . It 

follows: 
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Fig. (C.1). Characteristic directions in the (z, t) plan. 

Initial conditions are the steady state conditions characterized by the fluid velocity 

which is assumed to be uniform at each section and the pressure head given, thanks 

to the Darcy-Weisbach formula:  
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 (C.5)  

with resH  is the constant head of the reservoir.  

Boundary conditions are derived from the physical properties of the hydraulic 

configuration. One equation is needed at each end of the pipe. At the upstream end 

(constant head reservoir), one can write: 

 1 
j

resH H  (C.6) 

And at the downstream end (instantaneous closure valve):  
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Appendix D: Algebraic System Components for Calculation of the FSI Models 

To facilitate the computer programme implementation of the FSI model (four-

equation model), the numerical integration of the compatibility equations can be 

written in general form as follows [89]: 

  My = k + diag MY  (D.1) 

with M is the coefficient matrix, y is the vector of unknowns, Y is the matrix of 

calculated variables and k is the first right-hand side vector; the second right-hand 

side vector is the diagonal of the matrix MY. Table D.1 illustrates these 

mathematical items for each FSI model. 

Table D.1. Algebraic system components for FSI models [89]. 

FSI 

model 

Coefficient matrix 

Vecto

r y 

Matri

x Y 

Right hand side vector 

Inner 

sectio

ns 

Reservo

ir  

valve 

(fixed/fre

e) 

Inner 

sectio

ns 

Reservo

ir  

valve 

(fixed/fre

e) 

4EM and 

4EFM  
M1 R1 V1 y1 Y1 k1 r1 v1 

Coupled 

DVCM 
M2 R2 V2 y2 Y2 k2 r2 v2 

Coupled 

DGCM 
M2 R2 V2 y2  Y2 k2 r2 v2 

4EVEM M3 R3 V3 y1  Y1 k3 r3 v3 

Coupled 

VEDVC

M 

M4 R4 V4 y2  Y2 k4 r4 v4 

In the following expressions:  

 The superscript Q denotes the one-step earlier point from the computational point 

P. 

 For the column separation models, the piezometric head at the computational 

point P is sin P
vH H z .  



Appendices One-Dimensional Transient Flow in Pipelines    197 

It is worth noting that the expressions of matrices and vectors at boundaries are only 

valid for the downstream valve system; the calculation of the upstream valve system 

(case of cavitation in VE pipelines in this work) can be obtained similarly according 

to its boundary conditions.  

It is also noted that some expressions used at boundary conditions such as 1̂  and 

2̂  in the vector r4 should be calculated separately. 
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Matrices of Calculated Variables 
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For fixed valve: 

 

 

1

3

1 sin

0

1 sin

0





     
   

 
 
 
        
 
 
 

A
f ff

A
f

b tg h

a tg h

v1   

 

 

1

3

0
;

0

AP
f

AP
p

K g H H

K g H H

  
 
 
 
  
 
  
 
  

v2 v1
 

1

2

ˆ

0

ˆ

0





 
 
 
 

  
 
 
 
 

b t

a t

v3 = v1  ;  

 
 

 
 

1

3

11

2 2

ˆ

0

ˆ

0

ˆ

ˆ











 
    
 
 
 
 
 
 
    
 





 






 





P

r

P

AP
f

AP
p

r

b t K g H H

a t K g H

b tC
t

tC
t

H a

v4 = v1  

For free valve:  

 

 

1

3

1 sin

0

1 sin

sin
2





 

     
   

 
 
 

         
 
  

    
  

A
f ff

A
f

Q Q
z z f

b tg h

a tg h

m k t
u ku A gL

t

v1   

 

 

1

3

0
;

0

AP
f

AP
p

K g H H

K g H H

  
 
 
 
  
 
  
 
  

v2 v1  



Appendices One-Dimensional Transient Flow in Pipelines    203 

1

2

ˆ

0

ˆ

0





 
 
 
 

  
 
 
 
 

b t

a t

v3 = v1 ; 

Appendix E: Frequency Dependent Friction 

The unsteady friction approach consists in incorporating an additional term into the 

momentum equation in order to further consideration of the frictional and the 

inertial effects of the non-uniform velocity profile. The slope of the energy line fh  

is decomposed respectively into two terms: steady-state term and unsteady term.  

 . . f f s f uh h h  (E.1) 

Unsteady friction models derive from the extra losses caused by the two-

dimensional nature of the unsteady velocity profile [90]. Several types of unsteady 

friction models exist in the literature and are described in [91]. By assuming the 

velocity V is uniform on each section A, Zielke defined the head loss fh as a sum 

of a steady-state part defined by the Darcy-Weisbach formulae and an unsteady part 

[90]. 
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gD tgD

f
h V  (E.2) 

where W is the weighting function, in time, ν’ is the kinematic viscosity and (*) 

denotes convolution. The unsteady term follows from the convolution of the 

weighting function W with past temporal velocity variations. 

      
0

  
    

  


tV V
W t u W t u du

t t
 (E.3) 

The convolution-based unsteady frictional head loss term in a staggered grid (SG), 

called full convolution scheme is [92]:   
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With 1  M t t . The weighting functions are defined in terms of the 

dimensionless time      
24   t D  [92]. For laminar flow, Zielke has developed 

the weighting functions by assuming a constant kinematic viscosity [53, 59, 89,90-

92]. For turbulent flow, the Vardy-Brown’s model is obtained by deriving 
weighting functions for smooth pipes and rough pipes by using a linearly varied 

frozen turbulent viscosity in the shear-layer and infinite viscosity in the core [92]. 

  
 exp 




 


A B
W  (E.5) 

with A* and B* are fitted coefficients to a more complex theoretical weighting 

function. For smooth pipes, the coefficients are: 
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w

lam
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Re

12.86


 B    and   0.0567log 15.29Re   (E.6) 

where ν’lam is the laminar kinematic viscosity and ν’w is the kinematic viscosity at 

the pipe wall. For fully rough-pipe turbulent flow, the Vardy-Brown’s coefficients 
become: 

 
0.39

0.0103 Re
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D

   and  
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B
D

 (E.7) 

in which, the relative roughness  D  is in the range from 
610  to 

210 . 
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